
ASEN-6265. Fundamentals of Spectroscopy for Optical Remote Sensing 
Homework #5 (Atomic Structure) 

1. Assume an atom has the total spin angular momentum number S=1 and the total orbital angular 
momentum number L = 3 of electrons. If there exists L-S coupling in this atom, please write down (1) 
all possible total angular momentum number J for the electrons, (2) the atomic energy state terms, and 
(3) the possible magnetic quantum number mJ for each J. 

2. For atomic states 2S1/2, 2P1/2, 2P3/2, 2D3/2, and 2D5/2, please (1) calculate the Lande g-factor gJ and then 
(2) derive all possible z-components mJgJ for each state. You may list them in a table. 

3. For an atom in the energy state 2D3/2, please drive the atomic magnetic moment   

€ 

! 
µ  and the possible 

values of its projection in z direction, i.e., 

€ 

µz . You may express the results in the unit of Bohr 
magneton 

€ 

µB. 

4. In the Stern-Gerlach experiment (see figure below), a narrow beam of silver atoms in the ground state 
(2S1/2) pass through an inhomogeneous magnetic field (perpendicular to the atomic beam x-direction) 
and strike on a screen. The magneton longitudinal range is d = 10 cm, the range from the magneton’s 
center to the screen is D = 25 cm. The silver atoms have speed of 400 m/s, and the pattern splitting on 

the screen is 2.0 mm. How much is the gradient of the magnetic field along z-direction (i.e., 

€ 

∂Bz
∂z

)? 

 

5. Fine structure and hyperfine structure of hydrogen atoms (given by Dirac equation − relativity 
quantum mechanics)  
(1) Calculate the energy levels of n = 1, 2, and 3 for hydrogen atom when only considering the 

electrostatic interaction (Coulomb force) between the nucleus and the electron. The potential 
energy at infinite is set to zero. 

(2) Calculate the fine structure for each energy level of n = 1, 2, and 3. The relativity mass correction 
(ΔEm), the Darwin term (ΔEd), and the spin-orbit coupling (ΔEls) should be calculated, and then 
the sum ΔE of these three terms should be derived. Please show the procedures how you do the 
calculation, and then put the results into a table. 



(3) Draw a diagram to show the coarse and fine structures of the energy levels (only the final results 
for the fine structure). Please mark in the energy level diagram the state symbols and the shift 
relative to the coarse energy levels (n = 1, 2, 3). Use Joule and MHz as the energy unit. 

(4) Derive the hyperfine structure for the hydrogen ground state, and calculate the hyperfine splitting 
between the hyperfine states. Convert the energy split to frequency and wavelength. 

6. Lamb shift refers to the energy shift that causes the separation of 22P1/2 and 22S1/2 for n = 2 energy 
levels of hydrogen atom. It also causes the separation of 32P1/2 and 32S1/2, and of 32D3/2 and 32P3/2. 
Lamb shift cannot be explained by relativity quantum mechanics but by quantum electrodynamics 
(QED). Lamb shift was discovered by Lamb and Retherford in 1947 with their radiofrequency 
spectroscopy experiment: the atomic-beam magnetic-resonance method (see below). 

Figure 3: Configuration of the Lamb-Retherford experiment (1947).

Fig. 3), they prepared a beam of hydrogen atoms in the 1S1/2 ground state. The beam is bombarded
with electrons with the result that some of the atoms are excited to the 2S1/2 state. Optical
transitions from this state that go directly to the 1S1/2 ground state are prohibited by selection
rules (which one?) resulting in a very long (∼ 0.1 second) lifetime for the 2S1/2 state [3, p. 230].
The atoms then pass through a region where they are exposed to electromagnetic radiation with
energy equal to the energy difference between the 2S1/2 and 2P1/2 states. The radiation has the
effect of inducing transitions between these states, and once an atom is in the 2P1/2 state it decays
to the ground state with a lifetime of 10−9 seconds.

After passing through the region with electromagnetic radiation, the atoms strike a tungsten foil.
Upon striking the foil, atoms still in the 2S1/2 state decay to the ground state and in so doing liberate
electrons from the foil in a process called Auger emission. By measuring the emission current from
the foil with the electromagnetic radiation turned on (fewer electrons liberated) and with the
radiation turned off (more electrons liberated), Lamb and Retherford were able to determine the
energy difference between the 2S1/2 and 2P1/2 states. Their initial measurements indicated this
difference to be about 1000 MHz.

Exercise 6 Why was Doppler broadening not a problem in the measurements of Lamb and Rether-
ford?

1.4 QED picture of the hydrogen atom

The importance of the Lamb-Retherford measurement cannot be overstated—it was a milestone
in experimental physics which spurred major developments in theoretical physics. In Dirac’s own
words: “No progress was made for 20 years. Then a development came, initiated by Lamb’s discov-
ery and explanation of the Lamb shift, which fundamentally changed the character of theoretical
physics.”

The Lamb-Retherford measurement led to the development of a theory known as quantum elec-
trodynamics (QED). This theory proposes that the electromagnetic field consists of a collection of
quantized harmonic oscillators, with the presence of a photon of energy hν corresponding to the
oscillator with frequency ν being in the first excited state. (A harmonic oscillator is one with a
parabolic potential energy well.) A fundamental property of the quantized harmonic oscillator is
that the energy in the ground state is not zero, but hν/2 [2, pp. 222–3]. This energy is called the
zero-point energy. One way of thinking about the zero-point energy is that it is a requirement of
the uncertainty principle: a particle in a potential well with zero kinetic energy would have both a

6

 
An oven of H2 gas is heated to 2500 K so H2 molecules are resolved into hydrogen atoms. These 
atoms escape the oven through a small hole and form a H atomic beam. Entering the vacuum area, the 
H atomic beam is bombarded by accelerated electrons with energy larger than 10.2 eV, which excite 
H atoms from its ground state 1 2S1/2 to n = 2 energy levels (22P3/2, 22P1/2 or 22S1/2). Because the 
transition from 22S1/2 à 12S1/2 is forbidden, 22S1/2 is a metastable state with a very long lifetime (0.14 
s). But 22P1/2 has very short lifetime (1.595 ns) due to the transition from 22P1/2 à 12S1/2. 
Consequently, after certain time of flight, all 22P3/2 amd 22P1/2 atoms disappear and only H atoms in 
22S1/2 and 12S1/2 states are left in the atomic beam. When H atoms strike on a detector made of 
tungsten (W) at the end of the beam, because the work function of W is less than 10.2 eV, the 22S1/2 H 
atoms can kick out electrons from the detector to generate a current but 12S1/2 H atoms cannot. 
Therefore, such a detector is only to detect the H atoms in the metastable state 22S1/2. Before the 
atomic beam arrives at the detector, the atomic beam will go through a microwave radiation under a 
static magnetic field. If the microwave is tuned to excite the 22S1/2 atoms to 22P3/2, then the number of 
22S1/2 atoms reaching the detector will be reduced thus a decrease in the generated current. By this 
method, the energy separation between 22P3/2 and 22S1/2 can be measured.  
(1) Dirac’s theory predicts that 22P1/2 and 22S1/2 are degenerated and the separation between 22P3/2 and 

22S1/2 should be ~10,970 MHz. However, the measured resonance frequency was ~1058 MHz 
lower than expectation. Which energy level is higher between 22P1/2 and 22S1/2? 

(2) H atomic Hα line is the transition from n = 3 to n = 2 energy levels. Please use the fine structure 
you derived from Problem 5, and apply the following selection rules ΔL = ±1 and ΔJ = 0, ±1 to 
figure out : How many fine lines does the Hα line have if Lamb shift is ignored? How many fine 
lines does the Hα line actually consist of if Lamb shift is considered? Please list all of the fine 
transition lines of Hα line. 

HW #5 is due on Thursday, March 2nd, 2017 in class. 



 
Extra exercise problem -- 
7. Consider a system of angular momentum J. We confine ourselves in this exercise to a 

three-dimensional subspace, spanned by the three kets |+1>, |0>, |-1>, common eigenstates of J2 
(eigenvalue 2  
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!2) and Jz (eigenvalues +  
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! , 0, -  

€ 

!). The Hamiltonian H0 of the system is  
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H0 = aJz +
b
!
Jz
2 

where a and b are two positive constants, which have the dimensions of an angular frequency. What are 
the energy levels of the system? For what value of the ratio b/a is there degeneracy? 
 


