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C}E@iﬁgw 2 fpantum Mechanics fostulates, Prineiples, omd Necthematie Formalism

§3.1. Postulates of Quantum Mechanics

L GM Stafe of o sycen s defined as the undi¥herbed motim
of the Q?/S%em,, ']7Z stulz & Qbout the Status ZF&\ motion z{a Hhe
P*\\/S«‘caﬁ S)/s‘iwl. Ench unchisturbed mofton wéh faformation ghowt™
Qhe‘f@y, momentum, coonima‘/?esl angu/@r momentum etc —)%rmg a

S—{'a'f’e @F -H/\@ P})/g,mﬂ gys-{—em ot an 17257.3?)')7‘»2(;‘/776, 7’;76 Chaﬁfe
af the State with 1ime, the cband?e @P motion, or the dxturbed

m otien be[ongs to the Pnpbfem of #ime eveluhon of the stite.
X Tn M mmﬁema“ﬁta@ 7%)097@/1‘3/7’}/ the SMate 570 Qn}/ Ph\/Sl\c@[ S’}/[/-‘eﬂl
ot an inStant fime S Fe[)&%m“eo’ b\/ a State Vectel |(P@) in
an abstmct Stafe Space that s formed by ol PD“‘\E& stites of°

the physfmﬁ sysfem. |

2 AM P/)YS(‘&& guanh‘-tres /d)/nam:‘c \)om‘q,b{eg/ observables ar the
[Dkysimﬁ guarﬁr"n‘es that Con be measured oy~ phkSevved, These
Dhservables ae teplesented by alstuct |mear pperators ,g}\

3. AM 'meaSW@memtg rYe WQFY@S*&Y?#&(}/ by A | neay Dpera'faf/?\
acting o a State vecter— |/ e /2}\ 1> The O”/f fossible

jesult © of the measwrement |s pne of the eisenvalues of
Comagpondt‘noq obsevvaple A )

4. OM Ez‘gen\/alﬁ(\e Egmﬂ Q]Q a |meay™ @Femfm' ;1\ i< deﬁ?;ed as
AlLE> = Ly
W here |U> is ‘f‘jﬂe €(§€n8m12 Vector @f the opevater ,4/]\
A Ts o complex numbe,r‘/ the Q:‘O‘renvq,)ue, ‘9'?,41? .)
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5. QM state Veckrs and liear operstofS phey the followy rules
() Ket vector | > and Bra Vecteln < are “Hexmitian Conjugate
With each other: 1= >">é [ 16> = <[M%>
(2) —The S@lar product of two ket vecterg (16,5 and |2
Is  Jiven by The Praduc+ of one ket Vector and the conupile
pf the OtheY” ket Vector . i%;éa [Ve> = KWWy

-~ /
e, the bwm vector cortespordy T one et vecter, times
the othey ket vector,

(3) When ﬁckf] conjugate @f state Vector, @Femﬂ‘OY‘[a,-J constent,
e +oke T}le Conj[/{gnj?‘ o-fl QOLC‘,L\ ond -quy\ Yé\/@\(ge "{’AQ

¥
pYdef, e.9., (/1,2 Iu>) :Z(«M Q*/l*)
4 "]Q g ;A*) «hen }2,\ s a Heymitian pperator

%) O*tker [;‘nea;r Qpemﬁan Tules . Qw>:—_“/1>,

[(AB)[¥> = AR 1)
CwlA 1) = Lu DIk
A (Ritiy +2:112) A A T A YD

A A

%) In genemﬁ) ;ﬁfg\::;g,q_
The commutator ts f?%\ gj://}\é“é//‘}

7
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6. OM principle: of Sup@ry?a&‘ﬁ‘m of Sfates fbi,l,(,{f“es that
| V. A Yl\/ state of 2\ S/sfem Can be considered as a Superpusition
@‘]0 400 or more other States O'F the Same S/S‘fem , and fndeed
‘o an mfaite mumber of Wzys.

2). “The Superpesition O)C fwo of more StateS of Q S ystem 7@%3
0 new State of the came SyStem.

InOM, [ o physical Sy$tem has & complete orthonormal
Set of elgenstates { /u,,>} with discrete eigenValues { i’ Sof
(. linear opefutor /4 AWy = ltn> Cunlta> =
then an\/ State o{i +he Sysfem [y con be expnes:zed m |
teyms of the complete get f;u»}:

) U = Zn_(Cn}LLn>)/ where  Cn :.:{44-,,/(/2

'I'F a stiém has @ Comp/efa or\f}zomﬁﬁmﬁ Set” 0)0 g{§en3m+€g

{( wd>} WDith continuous er‘gen\/a/ues {o(} of a lneay

operator fi . A > = | Wad - Cl| ey = oot

then @“y state &F this s / ster ]U/> an be GXFfegsed "
s oF e Gk {0
1Y> = f(,’(oozwo&do«} where C) = <Wal >

These ave the mocthentadicn ) expression of @M principle 0'F
Swperposition of stotes .
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7. EM PﬁﬂCﬂPJQ ®‘F E&Pecmﬂ decompesition is to desca'be the

probobil 4&[ et ob‘fwnmg a SP"*‘/‘\C"’ eigenValue of an @bsewab/
opexator when Mak/»j measureneats of a gysfem in certain State,

() if an obsevvable /4 has eigenva aes{ n}(d:‘gg@,‘r@) associated wWih
ts- elgensmfeﬁ {] [ﬂn>} e ,4 W”> = QnlUn>

[Jhen the Phyacaﬁ %Wwfﬁe/ /Ar is meaSwred on the S)/S'/Lem "
+the gfatTe %3 +the probabr[ﬁ/% of obtainity @ non ~clegenerite
el gen Value . O)CA\ 'S given b\/
o cun s> Lol
= T e
Whete [y =Z GalUn7, and O = Ln > is Cailed
the Pmbab"/"? @mp/ﬁmde

(2 In ge\ﬂemO, z—f Qo 15 Jegane\(b{re ‘t}]e Pmbﬁtb [l’%/ /s ;’H/é)’]

i ?
Un
<UT¥> <w >

) IF an: @bse\n/ab /)as con-hnu@us ergew Values {O(}as:sm‘cﬂeo/
(0 th e:gengffafes§ Wo(>} e /Ar | Wo> = X IWOC>'

When the physicall guantity A is meacwed on the System

in the state }U/> ‘tﬁe 7WDbabzl ‘hg»{ -Fab‘iamvj a4 yon-
degene*fa're eigenvalue be'fweem ol and. od+d! é_S g Ver b)’

d P> = [<W=d ¥ ”lcvoa Do

<wle> | = f/w,,,umz

Where | LD [ Wa>olex, and Cto = is probabiidy
] > J l J% P@png,fvz/
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§. Projector” pperafor and two usefud relations
0y |U> <Pl becomes an operaf®l | because when It applies
1o an arbitrary ket veete™, it~ ques anothey fet vector
Take an arbitrory ket Vectoy o pod QPPI‘/“}IPX(P}"tD it
(1US<@) |4 = [¥> <PI4> |
Stce  <@P[A> is The Soaler Preduct So o complex Number
thus, Qbove @_guaﬁbn gives Another ket~ vector  Therefore

| U><@| is an openxtoy”,

(2) Le—f- ]LL> be oL Y)OYML?ed ket Veetor, ;*’e., WYl ¥> :;/‘
e gperntor By = > U s @ prjestor opeaior
that™ projects @ny ourbiravy. ket Vector j©> onto the
ket yecor > . Pylp> = [U><UIF7
~This 15 fucthey” confirmed by the fact PS=P re
F)’ojecw‘vfj twice i Succession onto o Fiven yector g
QZMW{@T +o Pprejectsy @ Shgle Time

’Pl;" =P Py = [U> <Yl U><U] = o<l =]y

(3> For a comP}e“té orthonormal set @f eigen States { | un>}
wWe have “the Wﬁ%d@f OPem’iUT P =5 |Un> <Un| ={
< :
Iﬂ a continue eﬁgen Va,/ke case ]YIWM>}

‘P::— f{\N’d><Wotlo’ol = {
This com be defived as below .
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%) Yor a comple® OT‘H)OH’)C’NMQ,Q st of eigenstates WW}
@n\/ stufe {L@“} Con De Q/?Q[Dre%ed oS U U > T
. nJ/J =cmn

l US> = Zn ColUn >
WJhere  Cn = Cun| U> - Substitare G rto above SR
Then, Y>> = ZlnlUn?
— s LUnlW2 | Un >
numbeY;

n
o scalaY

S U Thus,
zn;wn><un;} 24

avb Prmf% \Wz,

?rad uet, e, QA COMP}@){

AS <\ln|\-l/> 1S
T+ can cuiteh order 0

Yy = ;lun><unw> =
Recnuse -this egudier s T for any
Zrlun>< Un| = 1.

oul (Case . gjw(,&} and
D Ay state 4> 1S €

+he ‘onlx/ Conclusion s

(5) S‘fmfl&dy , ’Rf o contu
< Wa | W > = o (A~

s (U = [0 | WA
S Qu befttute @) IO above ngﬂ(*on:

xPrESSeo/

[,\)L\e‘(é C () = <l/\jo<l V4
> = (<l 4> | We> do

::(J[Nd><\ddl dot) 1>
Suce this is Trwe forany [W>,ue conclude

[ 1wo> < W] det =1
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§3.3 Quantum Mechanics Measurements

g, Mean value of an observable /3/: rf}mm many times 073 measuenerts
on A 3ystem jn the state |y is given by
A=<UlAIe>
To undetstand this, ) =, te, <@l is the
Conjugate of |y, ﬁ/(‘p> becomes anotheY ket Vaspr
SO above Q%Uﬂj‘\o’\ TMP[Q’:@T@S +hat —(;}]e mean p,(ﬁ /é?\
should be calculated by using |Y¥ 4o take a Scalar
N .
product with( A |¥>) ket veetor:

This mean-value eguation Is true {3 all pessible cuses
yegard/ess Aiserete or Contiuous eyenvalues, T+ s

7 nmme conclusion *me the principle of gpedmé
deCOW\P‘%f‘h“Df\ . )2 has Q camﬁe‘ie oythonermal @:}*enghfé?

Set {lun>} or {{Wd}};; Q;uo:an Un7 zéf\[b\fo(>~'-“ﬁzlw°‘>k

Any Safe |ip> Can be expressed as
|p> = S Caltin> o 0>= 060 k> clex

whee  On = <in| Y> or Ol =<W=lED

The probabilcfd of obfaing G reswt is Pl =Kua| 4>

and for of adotrolot, o Peoty = | <wa | >[Pdex

This, the mean a—fl/é}\ sowld be rlewlates as
A=3fpanar or A= [ o dpeed

_*“rl sl . ] Oy s ;
= Z|[<unl¥>]"a,) = ) [<We Yot dox




e

T2

Now let us vertfy L hethe v <W/‘r 4> is eguivalent to

+he above +two means 0_[‘ A
In discm’i‘e i gen\/a{u,e case

LU A W> "“(ZCn <LLn,>A[ZGn i)
— Z(Cn Cm <unm1um>)

(Y = =Gl <l

m

=S = (CFCn Am <Unl [Un>)
nom

H

Sz (CH¥Cm Om Jim)
=3z c*‘cnan
n

- n lc"" Qn
= 5 |<ualU>an — Bguivelert !

n
Tp confinuous €i§e” value case, | W = f ¢ <l A

QA = ( [Ce0 < dod) B ([ et wae)
- H 0%) CLAD) <Wat| A Wotr> dotdlet”

- ff C*CO‘>CC0(’) ol! <\Ajoth\/ou> JD) Aot/
:ffC*COOCCoz’) ot Jral-ot!y dot dot!
zfc*(oocm)oa Aot

“’"—'I?C@O]zoz ot
= f [<Wel W] Tot ot . Equivalent |
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0. (AN Yeduction @F the State . QsSume that e make meaanrenaif
@F ,3? on Q 57/5’f2m in the state |§4>. let us Frrst™ consder
the case whek The measuwremedt of /? yrelds A S;‘mp’e
erézenvmue (n ofddze observable ,ff @M postulates the State
of the sysfem mm edrmg after the meagwrement [s the egen-

S"(’er [LL»> asgoc:‘a’fed)wc‘f}’} An : /%/1\ ]Mn)::dn/b(ﬂ>>
o
(4> = [Un>

If we perform a Second measutement of //}\ ,‘mmedz‘a:fefy after |
+he frrﬂ‘ pne (that is, bgfpre the §7/512m has had +me +o e{/dz/e))
We shall aloays find the Same resurt 4n, sice the State of
the S’ysﬁem meedwde(g befoye the Setend measwrement [s [un>
(the e;gengfaﬁz), and no [ongex [ >

IDhen the en?ém/ﬂue Qn iven by the pmeaswremedt s dlegererate
the veduction of the state can be genera(zkep/ as fellows . I§
the axFansfon of +the State |{/> meedt‘&deg{ befam the measrenmedt
(S written as > —-_.:'Z;(geﬁ\/u&) ) Where g, is the
&egeﬂemcy ’FW/T’@Y" of elgenvalue Qn the Yeducion of the

SWQ beCDmes ‘w> (a"l , gncﬂtlui’f>

A
Let Py bethe projector Operator> then we A}wwe +he above
\ | (any Py 1¥>
Yeduc:kon of State written as S :_g»_.__".___,._.__ .
' e

the stafe of the system imnediately aftey” the measurement
IS the normalized projection of |> onto the eigen-subspace ‘flufw?f
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11. M Pmbab:!ﬁ‘y Amplitude and znferfémnce Effect,
Let [, > and |if,> be two om‘hogonaﬂ Normalized 3tates
<G> =0 <¢ly>=<bit> =1,

For a given obsevvable ,fg\ ) 3’ }un>} are complete orthonormad ejgensiates
cof‘féSPond"’?g 1> the eigenvalues fﬁnj: ﬁ/{,{,& =dn[Un>, <Um|un>=cma.
* If the systen is 1 the sfafe |4, > “the probability 7 (as) of fFindmg
Qn When A\ s measwyed on the S}lsha_m 'S Qiven by
Pr (@) = | <un) >/2
¥ T the System Is in the State Y. >, the Pmbabxh'@{ R(an) of
Findme 2, when A s measured pn -the Systern s given by
Fa (@n) = | <utn] ¥5>)2
¥ Now Consider @ normalized Shate |¢> which s a limeay Superposition
of I 7and (W [U> =2, 1>+ A2 ta)
l/l,}z-}-!/lz_z:f. '
The probability D(py) of finding the eigenvalie @ when the
observable 4 s measured on -the System in Dhe State | > s

. P@) = |<un|>)* _
Substrfute 4> expression into Plany and Purthey dgn‘wj 't

Ptan) = |<un] W21°= | A<t 4> + Aa<lin 4> |2
= (A, Wl > +A, <un‘q’z>> (KT<MM U’,>%+ &r<unIV2;).
= | AR 4 )2 <unl o> ]
F 2, AF <Ual > <Un i+ WAz <l S < tal >
= )AL P (@) + | Af? Palan) +2Re (245 <Utallly >< Un|th>)
Thus, the cwss term shows the Jaterference effect b
Cince P(az;), P @) and . (an) ave the p@babilities <y Y, <itnlth>,
and <LZ};} > are celled the Pmbabf(”‘éfl amphfudes, The ,\nye,)g'ere,,(é
ffect is explained by the Superpestion of the probalit J amplitds
CUnf Uy = Ay <UnlU> + Az <lln] (>



1w last ledwre O‘F Am basic,

— Stute . lw>/‘

— DIDSQ/TV\K(D'@ : /Af

— Measuremut g{w>

— I [Uy=c >+ ClUa> +CslUs7 | Swerpesiten of States

_ Qn gr@ewgwauxm GQ{(/ei eithel” &, Q,, o @y
. one of the elgen values .
This s the Y\‘?'d\wﬁ\w/ collapse of state dury measaemeiis,
— Mean volue ol on ohsermble .

A=< My > =3Cu |t
= 5[ <udw> o)

—~——
Prd:.abi(('hd_ of @~ Ocewrrence
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o %6%\X>} representafion - For any avbitary Stete [

the §1x-} repsen T Yo,
/1;% Q LWX) = ﬁ( ()/? @(X)j
= Sy [ XYO]

= —ih2 X ) — it x S W00

Ry = x-S o
A
= Lif +%P) Yo
Lo d S
o (B = RXY Yoo =)
Sinee Yex) is arbitry e conclude -that
AOAA
QPX"” pX =i
A AA
Defre L, B I=RP - P X,
A A . A A
N {X,P;(]’:l’h(_ Bt EK,?)’]T‘@
. N
g:mlmtg, LY )‘Py:{:.:,‘ﬁ
7 Eg ’ Tl)\g] =1h
A A
ST, P1=i00g (5= 2
Most OperoefS dve not- Commutzyg with each other. & o
oYe A)OT g¢,170}90$.e<J ’fi Sa)f‘/"c//] -H)err order;g a)/]er\ d&%
X A ~ A A
Colewladton . [ e, Pé 1= Uﬁéfy, or A ;Bjrfz}\ﬁ——géf\

S 0@”60’ -rhe commutaton velation .
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§3.4. Principle of Uncertainty — Indeterminacy
0. Expression of Heisenberg’s Principle of Uncertainty

It is worth to point out that the principle of uncertainty originates from the wave-particle
duality of matter. It is a nature’s law, not due to measurement technologies.

1. Interpretation of Uncertainty Principle: It is impossible to determine the position and
momentum of a particle to an arbitrary degree of accuracy.

Examples to show the effects of h # 0 in macro-world and in micro-world
And demonstrate why a motion orbit is meaningful only in macro-world.
2. Derivation of Uncertainty Principle from Commutation Relation

This is a good reference for students but not to be discussed in class (due to time
constraint). This derivation shows that the uncertainty relation can be derived exactly
from quantum mechanics’ commutation relation. The principle of uncertainty is
fundamental to quantum mechanics, but not an approximation.

3. Generalization of Heisenberg’s Principle of Uncertainty

AA- AB = %\< [A, Bl

h h
Derive AE- At 25 from Ap- Ax 25

4. The Intrinsic Nature of Uncertainty Principle is the Wave-Particle Duality of Matter
(all material particles, photons and electromagnetic waves). It is a law of the nature, not due
to measurement technologies or imperfection.

Give an example of electron diffraction to demonstrate
1) Why the uncertainty is on the order of h — Planck constant.

2) The unequal fringe heights in the double-slit experiment are due to the modulation of
interference fringes by diffraction.

3) Diffraction’s nature is the multiple-beam interference.
5. Applications of Principle of Uncertainty

This is to demonstrate the values of this principle in solving real problems, in which
experimental facts cannot be explained well by classical physics.

1) The minimum kinetic energy of bound particle
2) Electrons inside an atom cannot fall in the nucleus

3) Natural linewidth of spectral lines
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§3.4 Prineple of Uncevtainty — Im&e?@%iﬁ@@}f o
[3. QM Principle of Uﬂéﬁf“ﬁlm“ﬁ/ s @ jﬂumdamerﬁ—aﬂ priveiple i

Ruartum Mechanies. It puts o fundamentad limit py the
(icenvyacy oF St mw"fane@v&/y detexm in mg the Numericad Vil ues,
D‘F F10 non»Commwﬁ‘n‘g obSeyvableS _ (When these oo nen-
Commw%'j DbSaWab/es ave @ canonical (eordinate anel momendum
@_F a particle the Pr‘odud‘ 075 the unceriminties of Hhe
poordate and momentum s g/ven b\/
AQ-ap z B where S coordinate

and P s momentunl,
This velation is called the Her‘Senberg:g Princcple D-‘[()nceﬁ’aiﬁ?
or Heisenbery's uncertainty relation.
(1y The inferpretation of 4 uncevtainty Yelation is e follows
1t 1s meOSS"bfe to defmf at ag/‘t/e/) +ime both the position af
the Pafﬁ‘de_ and 'S momentum to an &rb:‘fﬂm’% o)@gl’ée 970 e\ecufacvq
Dhen the lower [om't jmpesed by above Yelation s Yeached
lncreasiy the QCcwraly fn he posihen (ecreasmg AQ)) implees
<hat the accuracy in The. momentum dininishes ( ncreasiy AP,

ond Vice Versa,
The [imfation @</>réssed by g mceﬁ&mg{ relation avises

me the fbd' that the Plancle constant h is net 2evo. |tis
+he \/‘@Y‘é/ Small alue of h [=6.636 X/@P%j. <) on ‘the MALT2SEPie

Scale thet renders ¢his [ fation 'fom//cy neglisible i chsial
Mechanics , but pag considernblz effect in MicroSeopic worid,
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For eKam[Df@, ot us Consider a. dust partcle with A diameter on
the oder of {pm and mass M p75Kg, having A Speed

V= /OPBW\/g . |ts mementum g then W to

P=mv = 1078 kg m/s.

HL Its pesition s measured to Wthin 6,01 Hm, then the LU’ICA?«Y‘fZZ!‘n"Ag
A'F in the momentum must So:'i’;sfy
%T — 0% k3 m /s l;.e.,—%f«; 0
Such & Smad Uncextainty Ts tvﬁd/g negligrble in Hhe MacyoscoPe
_wowld, As in Pmc‘h‘&e‘ o ymomentum meummewf’oﬁew‘ce. (g
[nCapable ojf atraining the rr%w‘m/ Yelative accuracy of o 7,
the mMacro world, we Can re(?arz{ h—»o) So a parhkrie Can
St have Qccuyate PoStton and momentm 8:‘mul+zzﬁewzs(6[/ re.,
O certain motiten orbit,

Now [et us consider the micrascopic weorld , 31 exasmple,
+the hydmgen atom. Assume 4he eledon |g mo\/cxz—j @/0,7; the Ny
O‘fb?’t‘/ anol POSH?W\ DLYICEY#CL(D? AX A~ Ay = 053 X/Dh/om_ “The.
Mmomenfum wﬂw{‘{m\n'g!{ s 9 rven b\/

-3
AF > ___?’1[_%_ — 6.626%0 /2 = { Qgg((oﬁwkg‘m/s
-~ = —1® . .
AX ab3xo

However, the momentum of- the electron [tself s Fiven by

‘ e=
— p— — M
[ MeV;, = Me | Zr e vio z =6 _Z,}_};____
2 ii

= 14’y /?-/ X (03! B
LT X § 85X x0. 53X 0™

= Q.0x0 % kg m/g

A 7._6:[?...—@_-;

Thus, AP - 625808°% oy ., 4P
P - 2\DX[0“ %/ L "’ 2'8000 !

The relahve LLYICQr’fm‘n—/g{ s So /arge that e cannot tell hew
Mmuch the electron momentun s 1yy
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(2> tD@Y\(‘VCt"fT\On O“F L)ﬂcef%‘ﬂfy p@(a”ﬁbﬂ fmm C@NMuv‘aﬁbﬁ )"e/a‘flbn:
Frrst, We need a precise definition of the uncerfainties of the

Coovrdinacte (¥ and momentum P The uncexpntres AQ and 4p
are defined as the Tvot-mean—Sguare deviation given by

AB = /((53\__, <<§>)2> Where, "¢ " means K mean

L. A
S W <@>=<¢| B¢,
AP ”~=/<(P'“<P>) > | > :‘sanarbrw State Vecto,

Vow let us assume |i> s an ar&‘img stafe but normalized
e, <¢lu>= {. Dlpembfs Coﬂ?sfan% 1o the coovdihgte and
momentum Qre 5 and ﬁ Consider the ket yecter

(P> = (A + A py|w>,  Where A isan avbitmry jealpunia
The conjugate of 19> is <@|=|9F =<t (R 22 F¥)

A

Qince & and }/D\ ove Herl.‘ﬁ‘M} i‘.e.)é\? ,___&—X; P ;ﬁ%/ e have
<O =<l (b—il P>
Tor all A, the sguare of the norm <@ P> is positve, ie.
CPIP> = CYJ(&~AP) (G +iaP)lw>
= 2| B21in AP —inf R + 22 P2 |W>
2. /\2
= U R2|W> +HiA <Y RP —PAIE + X< Plu>
= <&> +iA<TR, PT> + A< P>
X A ~FA +<p>A% s
Recadf ‘t{/\e AA
commutation Velation [R, P71 = (N,
FOY PO{Y)?UM.I(O(/ Q}(F{ésgl‘t?)’] <C%2> __'t')‘/l + <’§2>)£2 >/0)
ﬂe ohiseyimyant™ of ‘t}u‘s ex PYéQScbn must he nefaﬁ‘\/e oY 2eyp.
[ Discrininant for guadmtic ax*+bx+c =o s ( p-dac) j




2 A
R—4<¢prr< Q2> <0
’The/@fbf?e, we have <é‘22><f'\>2> 3_25
\ A A ~
o defre Gi=b— <> Prop >

—_ A . (
lhe“ e “JD‘\”CJ A and /}7\‘ hove the Some @ommm‘%ﬁm
N A

Y\Q{a:h\Oﬂ s (Y anAP . E@Al) fg/j:{:ﬁ
b p1=ap - P A o
::(C/@\~<§>)({9\—<7g>)—— (P-<PP (A ”)

Racad‘ <(){{\>0md<]g> A A A A A A A < /\>>
feal ool (AP -G <Py —<OOPHLET P
ofderw.%edqchvﬂ;:f‘ _ ”éé‘ ,.JF(&> ...<ﬁ>& -+ <'P><&>>

Litch ov é\" With A A A .
S el e rh, 1 =W

Therefore, Going through the Same Pybcedu/fe as (i\)—u‘/t/’é\/
P N Sl of the no
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4. The Intrinsic Nature of Uncertainty Principle is the Wave-Particle Duality of Matter (all
material particles, photons and electromagnetic waves). It is a law of the nature, not due to
measurement technologies or imperfection.

An Example for Principle of Uncertainty — Electron Diffraction

!
|

Diagram of electron diffraction (taken from Professor Chu’s Atomic Physics)

Let the slit width be Aq. Since we cannot determine by which point of the slit the electron goes
through, the position uncertainty of the electron is Aq.

Electron generates a diffraction pattern on the screen, so its motion direction can deviate from
the original by angle of a. Thus, the momentum uncertainty Ap = p sina = pa. Let us use the first
dark fringe position as a reference o, =~ A/Aq, then we have Ap = pa, = pA/Aq.

From de Broglie relationship, we know A = h/p. By substituting this de Broglie wavelength into
Ap equation, we get Ap = pA/Aq = h/Aq. Therefore, we have

Ap- Ag ~ h.
This is larger than > = an which is allowed by the uncertainty principle.
4

Note: 1) The unequal fringe heights in the double-slit experiment are due to diffraction
modulating the interference fringes.

2) Diffraction’s nature is multiple-beam interference, as shown in the diagram below.

%8 fﬁﬁ‘gﬂ%ﬁl

i‘m m@?

O F-3:40¢ 1 (b) RRIMRNH
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Nature of diffraction is multiple-beam interference (from Professor Zhao’s Optics)
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5. Application Examples of Uncertainty Principle (taken from Yang’s Atomic Physics)
Example 1. The minimum mean Kkinetic energy of a bound particle

Assume a particle is confined within a range of r, so its position uncertainty is Ax =r.
According to the principle of uncertainty, its momentum uncertainty has a minimum of

h h
Ap = —— ——
Px=one T 2r
Recall the definition of Apy is Ap, = \/< (py - f)x)2 >,

For a particle bound in certain space, its momentum in any direction should have a mean of zero,
i.e., p, =0. Therefore, we have

2
(Ap,)” =< Px2 >,
In a 3-dimentional space,

1
<px2 >=§<p2 >,

Therefore, in non-relativity range, the minimum mean kinetic energy is given by
<p?> 3

E, = -
k 2m Smr?

It is obvious from this equation that the particle’s kinetic energy cannot be zero! This conclusion
does NOT depend on how the particle is confined. As long as a particle is in a potential well, its
minimum kinetic energy cannot be zero. That is, the particle cannot fall to the bottom of the
potential well. In fact, if the particle’s kinetic energy is zero, then the principle of uncertainty
tells us that its AXx = oo -- how can the particle be confined?!

Example 2. Why can’t the electrons inside an atom fall in the nucleus?

Bohr’s theory cannot explain why the accelerated electron inside a hydrogen atom would
not radiate electromagnetic waves (so losing energy) and would not fall in the nucleus. This
question is answered by the principle of uncertainty in the following.

The electron inside an atom is bound spatially, so its kinetic energy can be given by the
equation in Example 1. When the electron is getting closer to the nucleus, that is, r is getting
smaller, Ax changes from the atomic dimension of 0.1 nm to the nuclear size of fm (10™° m).
According to the principle of uncertainty, the electron’s momentum uncertainty increases,

< p2 > 3
2m 8mr

or using the equation in Example 1, its mean kinetic energy increases significantly. For example,
when the electron motion range is decreased from 0.1 nm to 3 fm, its mean kinetic energy is
increased from 1 eV to 0.1 GeV. Nowhere can the electron get such large energy; therefore, it is
impossible for the electron to even get close to the nucleus, no mention fall inside the nucleus. A
nucleus can have protons and neutrons, but not electrons, because the principle of uncertainty
does not allow the confinement of electron within a nuclear size.
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Example 3. Natural linewidth of a spectral line: Excited state lifetime vs. energy level width

From Bohr’s theory, we know that when two energy levels corresponding to a spectral
line have certain energy values, the transition between these two levels will give a spectral line
whose width is infinitely narrow (just like a é function), according to Bohr’s frequency condition
hv =E, — E;. However, as long as an electron transitions from the upper level to the lower level,
the upper energy level must have finite lifetime. Therefore, At is not infinite co. According to the
principle of uncertainty, AE # 0, i.e., the upper energy level must have certain width AE.
Consequently, the spectral line cannot be a ¢ function, but must have certain linewidth. This is
called t}%e natural linewidth of the spectral line. For example, if an excited state has a lifetime of
At=107"s, then

AE zi =33x107%eV.
DAt

AE  h 1
The spectral linewidth can be derived as Av, = Ty Vi w et
. JT-

Natural linewidth calculation: In reality (taken from Professors Chu and Papen lidar book
chapter), the natural linewidth is given by, for Na D; line (3 *P32, > 3 *S12), T = 16.23 ns

1 1
"omer 2w x1623ns

For a metastable state, the lifetime is much longer, e.g., on the order of us, ms, or s. Then
its natural linewidth can be significantly narrower than MHz.

Av =9.8MHz
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§3.5. Equation of Motion — Schriodinger Equation

1. Introduction to the Principle of Motion — the Schriodinger equation describes the time
evolution of the state of a quantum system.

1) Schrodinger equation is a fundamental equation in QM. In principle, it cannot be derived
or proven from more fundamental principles, but it can only be verified by experiments.

2) Hamiltonian operator
3) Schrodinger equation in the abstract state space as well as in any representation.

4) There is no indeterminacy in the time evolution of a quantum system. Indeterminacy
appears only when a physical quantity is measured, the state vector undergoes an
unpredictable modification, i.e., the reduction or collapse of the state to an eigenstate.
However, between two measurements, the state vector evolves in a perfectly
deterministic way, in accordance with the Schrédinger equation.

5) The Schrodinger equation is linear, so its solution is linearly superposable.

6) Time evolution does not modify the global probability of finding the particle in all space,
which always remains 1.

2. Stationary-State Schrodinger Equation — Energy Eigenvalue Equation

3. Application Examples of Schriodinger Equation in Solving Atomic Particle Problems
Three examples are presented to demonstrate
1) How to solve stationary-state Schrodinger equations
2) How Schrodinger equation naturally leads to quantized energy, etc.
3) Real applications of quantum mechanics in modern physics and technologies
Example 1. 1-D Infinite Potential Well

* Points: Boundary conditions naturally lead to the quantized energy levels and the
minimum energy isn’t zero; wave function represents a standing wave; the
distribution of probability of particle isn’t homogeneous

* Applications: Hydrogen atom’s electron is similar to be in quantum well;
quantum well in laser, photo detector, etc.

Example 2. Potential Barrier Penetration (Finite Potential Well) 2 quantum tunnel effect
* Points: Particles have probability appearing outside classical physics barriers

* Applications: emission of a particle by radio-active nucleus, tunnel diode,
electron tunneling microscope

Example 3. 1-D Harmonic Oscillator
* Points: Quantized and non-zero energy of oscillator

* Applications: Quantized radiation field
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5= <ULAIY
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oo XE = [dx g X* reo
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+hen YOM can Swith these X fexme  with C//%\OC) or Z/Cx) ard Cance,ﬂ
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(4) Ergenvolue Eguation in {|7>) representation.
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(5) Schf‘é?‘d"“gef Egua“ﬁb“ i {/ ?>} and 7( ?}} mP@gen“fﬁ‘h‘angu
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Tn fl"e /f {'ﬁ’>} Y‘ePTES’en—{aﬁ\on) 't}/\e Schrv"tif‘r}?e. ~ elétm,ﬁon s
>y } B
P FED= o ¥ )+ by (BPO

Hete, ()¢t =<7 )4>
§(Pe) =<F I
VP> =i [ 67Ty,



Tho
$37 Solutins to Eigenvalue Equahon and Q hrodejer Egt{a"ﬁ}ﬁn
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A ¢
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l’{ (ol)b = | H( (X XD =2KX, Hz(o‘X):Zf( X) —2,
14 >

E |
/
A
{ JV:%KYZ | ‘”/\ /\ )
\_ B N ot ,1:;; L ¢ .
: SR
=T V"/-\ ““\\Uaftﬁl
S X [IARATAVE ¢
@ O ©oa=0 i D=1 0. Z-
Dlot energy levels Within & When M=, @ [, are o3 iy
the W@nﬁ‘aﬂ energy (uvve, E, = —Z-I-FLO == 0., §e[>Wed -
The lengw"h O'f boff‘z_onﬁcﬁ lines | = NO osccllator™ Stmilax-to Planckls
Shews the oscillator motion wt vest+ | | hypothesic— guanto.

Yonge-. of oscllatr” erergy |





