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C}E@iﬁgw 2 fpantum Mechanics fostulates, Prineiples, omd Necthematie Formalism

§3.1. Postulates of Quantum Mechanics

L GM Stafe of o sycen s defined as the undi¥herbed motim
of the Q?/S%em,, ']7Z stulz & Qbout the Status ZF&\ motion z{a Hhe
P*\\/S«‘caﬁ S)/s‘iwl. Ench unchisturbed mofton wéh faformation ghowt™
Qhe‘f@y, momentum, coonima‘/?esl angu/@r momentum etc —)%rmg a

S—{'a'f’e @F -H/\@ P})/g,mﬂ gys-{—em ot an 17257.3?)')7‘»2(;‘/776, 7’;76 Chaﬁfe
af the State with 1ime, the cband?e @P motion, or the dxturbed

m otien be[ongs to the Pnpbfem of #ime eveluhon of the stite.
X Tn M mmﬁema“ﬁta@ 7%)097@/1‘3/7’}/ the SMate 570 Qn}/ Ph\/Sl\c@[ S’}/[/-‘eﬂl
ot an inStant fime S Fe[)&%m“eo’ b\/ a State Vectel |(P@) in
an abstmct Stafe Space that s formed by ol PD“‘\E& stites of°

the physfmﬁ sysfem. |

2 AM P/)YS(‘&& guanh‘-tres /d)/nam:‘c \)om‘q,b{eg/ observables ar the
[Dkysimﬁ guarﬁr"n‘es that Con be measured oy~ phkSevved, These
Dhservables ae teplesented by alstuct |mear pperators ,g}\

3. AM 'meaSW@memtg rYe WQFY@S*&Y?#&(}/ by A | neay Dpera'faf/?\
acting o a State vecter— |/ e /2}\ 1> The O”/f fossible

jesult © of the measwrement |s pne of the eisenvalues of
Comagpondt‘noq obsevvaple A )

4. OM Ez‘gen\/alﬁ(\e Egmﬂ Q]Q a |meay™ @Femfm' ;1\ i< deﬁ?;ed as
AlLE> = Ly
W here |U> is ‘f‘jﬂe €(§€n8m12 Vector @f the opevater ,4/]\
A Ts o complex numbe,r‘/ the Q:‘O‘renvq,)ue, ‘9'?,41? .)
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5. QM state Veckrs and liear operstofS phey the followy rules
() Ket vector | > and Bra Vecteln < are “Hexmitian Conjugate
With each other: 1= >">é [ 16> = <[M%>
(2) —The S@lar product of two ket vecterg (16,5 and |2
Is  Jiven by The Praduc+ of one ket Vector and the conupile
pf the OtheY” ket Vector . i%;éa [Ve> = KWWy

-~ /
e, the bwm vector cortespordy T one et vecter, times
the othey ket vector,

(3) When ﬁckf] conjugate @f state Vector, @Femﬂ‘OY‘[a,-J constent,
e +oke T}le Conj[/{gnj?‘ o-fl QOLC‘,L\ ond -quy\ Yé\/@\(ge "{’AQ

¥
pYdef, e.9., (/1,2 Iu>) :Z(«M Q*/l*)
4 "]Q g ;A*) «hen }2,\ s a Heymitian pperator

%) O*tker [;‘nea;r Qpemﬁan Tules . Qw>:—_“/1>,

[(AB)[¥> = AR 1)
CwlA 1) = Lu DIk
A (Ritiy +2:112) A A T A YD

A A

%) In genemﬁ) ;ﬁfg\::;g,q_
The commutator ts f?%\ gj://}\é“é//‘}

7



ég Fed (P éf“z\%?p?é; @‘g gwpﬁfpﬂgiﬁbﬂ @"3? States

6. OM principle: of Sup@ry?a&‘ﬁ‘m of Sfates fbi,l,(,{f“es that
| V. A Yl\/ state of 2\ S/sfem Can be considered as a Superpusition
@‘]0 400 or more other States O'F the Same S/S‘fem , and fndeed
‘o an mfaite mumber of Wzys.

2). “The Superpesition O)C fwo of more StateS of Q S ystem 7@%3
0 new State of the came SyStem.

InOM, [ o physical Sy$tem has & complete orthonormal
Set of elgenstates { /u,,>} with discrete eigenValues { i’ Sof
(. linear opefutor /4 AWy = ltn> Cunlta> =
then an\/ State o{i +he Sysfem [y con be expnes:zed m |
teyms of the complete get f;u»}:

) U = Zn_(Cn}LLn>)/ where  Cn :.:{44-,,/(/2

'I'F a stiém has @ Comp/efa or\f}zomﬁﬁmﬁ Set” 0)0 g{§en3m+€g

{( wd>} WDith continuous er‘gen\/a/ues {o(} of a lneay

operator fi . A > = | Wad - Cl| ey = oot

then @“y state &F this s / ster ]U/> an be GXFfegsed "
s oF e Gk {0
1Y> = f(,’(oozwo&do«} where C) = <Wal >

These ave the mocthentadicn ) expression of @M principle 0'F
Swperposition of stotes .
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7. EM PﬁﬂCﬂPJQ ®‘F E&Pecmﬂ decompesition is to desca'be the

probobil 4&[ et ob‘fwnmg a SP"*‘/‘\C"’ eigenValue of an @bsewab/
opexator when Mak/»j measureneats of a gysfem in certain State,

() if an obsevvable /4 has eigenva aes{ n}(d:‘gg@,‘r@) associated wWih
ts- elgensmfeﬁ {] [ﬂn>} e ,4 W”> = QnlUn>

[Jhen the Phyacaﬁ %Wwfﬁe/ /Ar is meaSwred on the S)/S'/Lem "
+the gfatTe %3 +the probabr[ﬁ/% of obtainity @ non ~clegenerite
el gen Value . O)CA\ 'S given b\/
o cun s> Lol
= T e
Whete [y =Z GalUn7, and O = Ln > is Cailed
the Pmbab"/"? @mp/ﬁmde

(2 In ge\ﬂemO, z—f Qo 15 Jegane\(b{re ‘t}]e Pmbﬁtb [l’%/ /s ;’H/é)’]

i ?
Un
<UT¥> <w >

) IF an: @bse\n/ab /)as con-hnu@us ergew Values {O(}as:sm‘cﬂeo/
(0 th e:gengffafes§ Wo(>} e /Ar | Wo> = X IWOC>'

When the physicall guantity A is meacwed on the System

in the state }U/> ‘tﬁe 7WDbabzl ‘hg»{ -Fab‘iamvj a4 yon-
degene*fa're eigenvalue be'fweem ol and. od+d! é_S g Ver b)’

d P> = [<W=d ¥ ”lcvoa Do

<wle> | = f/w,,,umz

Where | LD [ Wa>olex, and Cto = is probabiidy
] > J l J% P@png,fvz/
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§. Projector” pperafor and two usefud relations
0y |U> <Pl becomes an operaf®l | because when It applies
1o an arbitrary ket veete™, it~ ques anothey fet vector
Take an arbitrory ket Vectoy o pod QPPI‘/“}IPX(P}"tD it
(1US<@) |4 = [¥> <PI4> |
Stce  <@P[A> is The Soaler Preduct So o complex Number
thus, Qbove @_guaﬁbn gives Another ket~ vector  Therefore

| U><@| is an openxtoy”,

(2) Le—f- ]LL> be oL Y)OYML?ed ket Veetor, ;*’e., WYl ¥> :;/‘
e gperntor By = > U s @ prjestor opeaior
that™ projects @ny ourbiravy. ket Vector j©> onto the
ket yecor > . Pylp> = [U><UIF7
~This 15 fucthey” confirmed by the fact PS=P re
F)’ojecw‘vfj twice i Succession onto o Fiven yector g
QZMW{@T +o Pprejectsy @ Shgle Time

’Pl;" =P Py = [U> <Yl U><U] = o<l =]y

(3> For a comP}e“té orthonormal set @f eigen States { | un>}
wWe have “the Wﬁ%d@f OPem’iUT P =5 |Un> <Un| ={
< :
Iﬂ a continue eﬁgen Va,/ke case ]YIWM>}

‘P::— f{\N’d><Wotlo’ol = {
This com be defived as below .
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%) Yor a comple® OT‘H)OH’)C’NMQ,Q st of eigenstates WW}
@n\/ stufe {L@“} Con De Q/?Q[Dre%ed oS U U > T
. nJ/J =cmn

l US> = Zn ColUn >
WJhere  Cn = Cun| U> - Substitare G rto above SR
Then, Y>> = ZlnlUn?
— s LUnlW2 | Un >
numbeY;

n
o scalaY

S U Thus,
zn;wn><un;} 24

avb Prmf% \Wz,

?rad uet, e, QA COMP}@){

AS <\ln|\-l/> 1S
T+ can cuiteh order 0

Yy = ;lun><unw> =
Recnuse -this egudier s T for any
Zrlun>< Un| = 1.

oul (Case . gjw(,&} and
D Ay state 4> 1S €

+he ‘onlx/ Conclusion s

(5) S‘fmfl&dy , ’Rf o contu
< Wa | W > = o (A~

s (U = [0 | WA
S Qu befttute @) IO above ngﬂ(*on:

xPrESSeo/

[,\)L\e‘(é C () = <l/\jo<l V4
> = (<l 4> | We> do

::(J[Nd><\ddl dot) 1>
Suce this is Trwe forany [W>,ue conclude

[ 1wo> < W] det =1



9. Mean value of an obseruzble /5: 7Qmm many timeg 070 measusenmets

on O System jn the state |(p)> is Fiven by
A=<WlAIv>.

To undefsfond this, <Yl = S, e, <¢lis the
CO"J\“%TQ Q‘F 22 ﬁ JW> becomes anothey ket Vector.
So above Qg”ﬁ‘\m implitates  that +he mean 01& //3\ -
Should be Calcu/icfed b\/ using ]¢>*-to take a Scalar
product” with( A 0> ket vector,

ﬂﬁS mmn—\/a/ue Q%L(Qﬁbn s true {%Yjalf /ADSSF/J/e, Quses,
)@gard/ess Aiserete or Contrauous el gen welues T+ s

A nammD conelusion ’me the Pn‘ncfyale @70 gPedmé
deCOMP@S"'h\D” . 2 has @ comflde oythonomal @,:§eng+a2?

Qe {[Un>} oY {[Wo(>; 2\](1n>zan /Lln>/ Ié’f\[(/\}“>"‘“0(/w°‘>~

/?T‘y State > Can be e/KF(éSSed as
> == Calttn>ox W>$fccx>{wa>do<_

hete  On = <Un| ¥y or Cled=<uWllr

The pmmmfhvzz of obtaing Oy resdt is Pla,)= }(un/w/f
and Lo of ad ottoloc, A Py = [ < Wl >[Zdex

"TMS, the mean a—ﬁ/é}\ Sould be Calevlated as

-A = %ED(QD an oY ;}; 2[0( JF@;{}
.

PR Y

_ﬁv«Ff(u >|24——[ — T = .
= 3| [<unl¥>["| = | [<nbid Yo dov
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Now let us vertfy L hethe v <W/‘r 4> is eguivalent to

+he above +two means 0_[‘ A
In discm’i‘e i gen\/a{u,e case

LU A W> "“(ZCn <LLn,>A[ZGn i)
— Z(Cn Cm <unm1um>)

(Y = =Gl <l

m

=S = (CFCn Am <Unl [Un>)
nom

H

Sz (CH¥Cm Om Jim)
=3z c*‘cnan
n

- n lc"" Qn
= 5 |<ualU>an — Bguivelert !

n
Tp confinuous €i§e” value case, | W = f ¢ <l A

QA = ( [Ce0 < dod) B ([ et wae)
- H 0%) CLAD) <Wat| A Wotr> dotdlet”

- ff C*CO‘>CC0(’) ol! <\Ajoth\/ou> JD) Aot/
:ffC*COOCCoz’) ot Jral-ot!y dot dot!
zfc*(oocm)oa Aot

“’"—'I?C@O]zoz ot
= f [<Wel W] Tot ot . Equivalent |
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0. (AN Yeduction @F the State . QsSume that e make meaanrenaif
@F ,3? on Q 57/5’f2m in the state |§4>. let us Frrst™ consder
the case whek The measuwremedt of /? yrelds A S;‘mp’e
erézenvmue (n ofddze observable ,ff @M postulates the State
of the sysfem mm edrmg after the meagwrement [s the egen-

S"(’er [LL»> asgoc:‘a’fed)wc‘f}’} An : /%/1\ ]Mn)::dn/b(ﬂ>>
o
(4> = [Un>

If we perform a Second measutement of //}\ ,‘mmedz‘a:fefy after |
+he frrﬂ‘ pne (that is, bgfpre the §7/512m has had +me +o e{/dz/e))
We shall aloays find the Same resurt 4n, sice the State of
the S’ysﬁem meedwde(g befoye the Setend measwrement [s [un>
(the e;gengfaﬁz), and no [ongex [ >

IDhen the en?ém/ﬂue Qn iven by the pmeaswremedt s dlegererate
the veduction of the state can be genera(zkep/ as fellows . I§
the axFansfon of +the State |{/> meedt‘&deg{ befam the measrenmedt
(S written as > —-_.:'Z;(geﬁ\/u&) ) Where g, is the
&egeﬂemcy ’FW/T’@Y" of elgenvalue Qn the Yeducion of the

SWQ beCDmes ‘w> (a"l , gncﬂtlui’f>

A
Let Py bethe projector Operator> then we A}wwe +he above
\ | (any Py 1¥>
Yeduc:kon of State written as S :_g»_.__".___,._.__ .
' e

the stafe of the system imnediately aftey” the measurement
IS the normalized projection of |> onto the eigen-subspace ‘flufw?f
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gﬁg 3 gg pection @{3 Notion — &g’awjﬁ’dﬁ”‘ﬂg@ . ggmhi@m

I, (M Principle of motion describes the +Hime evojumon of the
state of o s)/sfem/ which [S  govevned b)/ ‘the S’cﬁrb‘drn(?ef Epﬂmﬁm

A oA
th 2> = Heo [

Where “fLC{:J> is the Stute \/edm"/ /:}['ﬂ (s the Obseyyable
associated with the total eneryy o-F the Qy;ﬁem [cailed -the
Ham [tonian operator” O'F the S)/s"kxﬂ)/ hois Planck Consiant
o’f\/fded b)/ 27T) and i (s 1o ftake derivative of +ime

(l) The S’chrzb’dmger quaﬁbn IS a fundamam?’{j egua‘ﬁ‘%)m 'fuy*
rhe Quantum Mechanics, \)‘usf ke the Newtonian e/gmﬁm p
+he c/agstq/ﬂ mechanics, TIp Princple | 1+ camot” be derived
o proven from more funapamem‘aj principles, but it Can c»n/;/
be vevifred b\/ exFeW‘/ne,n’/S _ The Sch fzﬁ’a’mgw %M/ﬁ?ﬂ
O}ESCFFb&S The Chaﬂd‘?é Gfs‘ta‘fe, LN “fr})’}e, the Fime e\/a[u@*ﬁbn
of motion | or the change of motion,

: «]me +the C/dSSt“cJ

(2) “The Ham:/tonian Dfemfm* H Comes
-o-?

Ham«‘/ﬁmf‘an ; H) = Wg‘f + V({')’

phere F’(f) s the momentum, m (s the mass, and V(t) 1S
the Fofan'h‘ap energy &]C the Sys’/@m, —Bf r\eFregewa the.
2m
Kinetic energy of he System.  TIn OM, the Houmil tonian
ppeYator” [S gven b A Az A
P JV Y Hey =L v
(3) Note that -the S’cﬁra'dmie,r egmtm s expresce d in the

abstrast State gﬁlce With an abstyact @Pemjvf /f]\ ) abstract
Shaile Vector W&D, and a ﬁdl derivative ’354{1‘
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U;\en @Xfms “ﬁ)«e \?ohrz‘s’j‘é%w E?M‘ﬁﬁﬂ e a’ﬁé/ re};fegeﬂmﬁ@m
it Wi bewme a part: &pezﬂdﬁ;f’(\/‘e»«-—? avd 1110 el
(WY witl alse be pojected to thy @F@Sew‘/mﬁﬁﬂ
~The eg,ua’iwﬂ may yot be Such Simgle ﬁmﬂaf Jefed‘ij
N 1Ohat Y@Pre&em'mﬁ@m 's cheo<en

&) “The Scheddinger eguation is of fist onder imt. Frem
this 1T follos *Hm;f/ Fiven the M ol state | Wit the State
[Wet)> at any SubSegiedt time T is determiued. There s np
in deJrBYmmac‘# in the tme evolution of a Guantum Syg'/em,
Indemmmac&/ appeaxs only when Q ;a}xy's:mﬂ ZQMM#% /s
measured , the State vecter then undergomg an wnpredictzble
mac{«‘fﬁc@‘h‘on ( i.e., the Yeduction @a the state 10 an efyenyfa%eg
Howevey~ pefween tuo measufenerfs, e Skl ector evelveg
n a Pe{j@cﬂ&l deteyministic u)axal[ N aceordhance Wirh +he

Schiddinger eguation.
(é) T}]e &hrﬁdi‘rgﬁr Egkﬂ)ﬁbﬂ /\S /P‘f)eé?;\(h and homag@nepu,g‘ It
follews thal™ its solution s | me@dy Supevprsable.,

Let [(f D> and " 5"@> be two Solutions of the &hmﬁg@"
e%uai?‘&n: 2 Ll = H [ >

ih d 41> = A 6>,

“Then ‘er me,ar gupefposzﬁm Of [ (£ and | ¢z(f)>

WO S A A 12 (469> (A, and As are Hwo compley cony}an'@
f j

s also a So/wz‘“ on-to ‘er Sc&mdlnger Eguaﬁbn ; tr)a_g ¢(f)>==H Wf>




The Stutement can be verified as below :
R 14> = A, TS + 2 iR 1Us>
= A B> + A= H 1%
A (Al + A2 1)
= AW
Thus, the superposition |(f> j's o Soluton o the Schrédinger ?M‘@ﬂ.
) The nom of the state vector (W is defied as | <ol o>
Since the Ham: [fonian eperuior [+ Is & Herm?‘h‘an/ (e ﬁ (t) = /i(\*({—)/
b

the squafe of <the viorm of the State vector, <W‘9{U/“‘)>, does not
depend on T as (e can See below

~
=

Ja——

enmge

P

4 chew| oy = [Eun] T 1pw> + <t [Hve>)
From the g’a},n‘p’dmger egmﬁ‘on, ?\)e have jé-)[k({-)> = .6-—7%—-;’.\, /q;(@>}
and L] =— T <Y H* = —F <ol H
S ubstituting these two HemS jntv gbove derivative égmhbﬂ , We have
2

2 cy) Wy = ~ 75 <UO) AWy += <ww] Alvo>
=0

Thereforz, o) | ey = < i) ) Ylt> =1,
The lost eguality comes if the state vectar () Is normelize o
ad” time to .

“The Pmper-ty O)C the hovm cConseyvatien IS Vefqt{ usafw@ m
pantm mechanics. for example, it becomes indispensable when
We Tnterpret the Splare of the modulus [(b(r 0] = |<F|¢>|*
Df: +the Wave -P\Mch‘on of o spinless Parhide ag bal‘nj the position
probabilefy Jensfﬁ'[. Tine evolution dees not modify the globnd

Pmbab{lf@»{ 07£ -Fmob‘ng the Paf'/'l‘cfe n adl S}Xlﬁé, Whieh a/aﬂﬁa{[
yemains %mﬂ 45 4. Therefore

Y| Y>> :fo/’3r/W rbl* =1,
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o %6%\X>} representafion - For any avbitary Stete [

the §1x-} repsen T Yo,
/1;% Q LWX) = ﬁ( ()/? @(X)j
= Sy [ XYO]

= —ih2 X ) — it x S W00

Ry = x-S o
A
= Lif +%P) Yo
Lo d S
o (B = RXY Yoo =)
Sinee Yex) is arbitry e conclude -that
AOAA
QPX"” pX =i
A AA
Defre L, B I=RP - P X,
A A . A A
N {X,P;(]’:l’h(_ Bt EK,?)’]T‘@
. N
g:mlmtg, LY )‘Py:{:.:,‘ﬁ
7 Eg ’ Tl)\g] =1h
A A
ST, P1=i00g (5= 2
Most OperoefS dve not- Commutzyg with each other. & o
oYe A)OT g¢,170}90$.e<J ’fi Sa)f‘/"c//] -H)err order;g a)/]er\ d&%
X A ~ A A
Colewladton . [ e, Pé 1= Uﬁéfy, or A ;Bjrfz}\ﬁ——géf\

S 0@”60’ -rhe commutaton velation .
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§3.4 Prineple of Uncevtainty — Im&e?@%iﬁ@@}f o
[3. QM Principle of Uﬂéﬁf“ﬁlm“ﬁ/ s @ jﬂumdamerﬁ—aﬂ priveiple i

Ruartum Mechanies. It puts o fundamentad limit py the
(icenvyacy oF St mw"fane@v&/y detexm in mg the Numericad Vil ues,
D‘F F10 non»Commwﬁ‘n‘g obSeyvableS _ (When these oo nen-
Commw%'j DbSaWab/es ave @ canonical (eordinate anel momendum
@_F a particle the Pr‘odud‘ 075 the unceriminties of Hhe
poordate and momentum s g/ven b\/
AQ-ap z B where S coordinate

and P s momentunl,
This velation is called the Her‘Senberg:g Princcple D-‘[()nceﬁ’aiﬁ?
or Heisenbery's uncertainty relation.
(1y The inferpretation of 4 uncevtainty Yelation is e follows
1t 1s meOSS"bfe to defmf at ag/‘t/e/) +ime both the position af
the Pafﬁ‘de_ and 'S momentum to an &rb:‘fﬂm’% o)@gl’ée 970 e\ecufacvq
Dhen the lower [om't jmpesed by above Yelation s Yeached
lncreasiy the QCcwraly fn he posihen (ecreasmg AQ)) implees
<hat the accuracy in The. momentum dininishes ( ncreasiy AP,

ond Vice Versa,
The [imfation @</>réssed by g mceﬁ&mg{ relation avises

me the fbd' that the Plancle constant h is net 2evo. |tis
+he \/‘@Y‘é/ Small alue of h [=6.636 X/@P%j. <) on ‘the MALT2SEPie

Scale thet renders ¢his [ fation 'fom//cy neglisible i chsial
Mechanics , but pag considernblz effect in MicroSeopic worid,




T

For eKam[Df@, ot us Consider a. dust partcle with A diameter on
the oder of {pm and mass M p75Kg, having A Speed

V= /OPBW\/g . |ts mementum g then W to

P=mv = 1078 kg m/s.

HL Its pesition s measured to Wthin 6,01 Hm, then the LU’ICA?«Y‘fZZ!‘n"Ag
A'F in the momentum must So:'i’;sfy
%T — 0% k3 m /s l;.e.,—%f«; 0
Such & Smad Uncextainty Ts tvﬁd/g negligrble in Hhe MacyoscoPe
_wowld, As in Pmc‘h‘&e‘ o ymomentum meummewf’oﬁew‘ce. (g
[nCapable ojf atraining the rr%w‘m/ Yelative accuracy of o 7,
the mMacro world, we Can re(?arz{ h—»o) So a parhkrie Can
St have Qccuyate PoStton and momentm 8:‘mul+zzﬁewzs(6[/ re.,
O certain motiten orbit,

Now [et us consider the micrascopic weorld , 31 exasmple,
+the hydmgen atom. Assume 4he eledon |g mo\/cxz—j @/0,7; the Ny
O‘fb?’t‘/ anol POSH?W\ DLYICEY#CL(D? AX A~ Ay = 053 X/Dh/om_ “The.
Mmomenfum wﬂw{‘{m\n'g!{ s 9 rven b\/

-3
AF > ___?’1[_%_ — 6.626%0 /2 = { Qgg((oﬁwkg‘m/s
-~ = —1® . .
AX ab3xo

However, the momentum of- the electron [tself s Fiven by

‘ e=
— p— — M
[ MeV;, = Me | Zr e vio z =6 _Z,}_};____
2 ii

= 14’y /?-/ X (03! B
LT X § 85X x0. 53X 0™

= Q.0x0 % kg m/g

A 7._6:[?...—@_-;

Thus, AP - 625808°% oy ., 4P
P - 2\DX[0“ %/ L "’ 2'8000 !

The relahve LLYICQr’fm‘n—/g{ s So /arge that e cannot tell hew
Mmuch the electron momentun s 1yy




Ty
(2> tD@Y\(‘VCt"fT\On O“F L)ﬂcef%‘ﬂfy p@(a”ﬁbﬂ fmm C@NMuv‘aﬁbﬁ )"e/a‘flbn:
Frrst, We need a precise definition of the uncerfainties of the

Coovrdinacte (¥ and momentum P The uncexpntres AQ and 4p
are defined as the Tvot-mean—Sguare deviation given by

AB = /((53\__, <<§>)2> Where, "¢ " means K mean

L. A
S W <@>=<¢| B¢,
AP ”~=/<(P'“<P>) > | > :‘sanarbrw State Vecto,

Vow let us assume |i> s an ar&‘img stafe but normalized
e, <¢lu>= {. Dlpembfs Coﬂ?sfan% 1o the coovdihgte and
momentum Qre 5 and ﬁ Consider the ket yecter

(P> = (A + A py|w>,  Where A isan avbitmry jealpunia
The conjugate of 19> is <@|=|9F =<t (R 22 F¥)

A

Qince & and }/D\ ove Herl.‘ﬁ‘M} i‘.e.)é\? ,___&—X; P ;ﬁ%/ e have
<O =<l (b—il P>
Tor all A, the sguare of the norm <@ P> is positve, ie.
CPIP> = CYJ(&~AP) (G +iaP)lw>
= 2| B21in AP —inf R + 22 P2 |W>
2. /\2
= U R2|W> +HiA <Y RP —PAIE + X< Plu>
= <&> +iA<TR, PT> + A< P>
X A ~FA +<p>A% s
Recadf ‘t{/\e AA
commutation Velation [R, P71 = (N,
FOY PO{Y)?UM.I(O(/ Q}(F{ésgl‘t?)’] <C%2> __'t')‘/l + <’§2>)£2 >/0)
ﬂe ohiseyimyant™ of ‘t}u‘s ex PYéQScbn must he nefaﬁ‘\/e oY 2eyp.
[ Discrininant for guadmtic ax*+bx+c =o s ( p-dac) j




2 A
R—4<¢prr< Q2> <0
’The/@fbf?e, we have <é‘22><f'\>2> 3_25
\ A A ~
o defre Gi=b— <> Prop >

—_ A . (
lhe“ e “JD‘\”CJ A and /}7\‘ hove the Some @ommm‘%ﬁm
N A

Y\Q{a:h\Oﬂ s (Y anAP . E@Al) fg/j:{:ﬁ
b p1=ap - P A o
::(C/@\~<§>)({9\—<7g>)—— (P-<PP (A ”)

Racad‘ <(){{\>0md<]g> A A A A A A A < /\>>
feal ool (AP -G <Py —<OOPHLET P
ofderw.%edqchvﬂ;:f‘ _ ”éé‘ ,.JF(&> ...<ﬁ>& -+ <'P><&>>

Litch ov é\" With A A A .
S el e rh, 1 =W

Therefore, Going through the Same Pybcedu/fe as (i\)—u‘/t/’é\/
P N Sl of the no
(o 10> = () + oA crdt Py 4+ X (P>
= ¢(@yp>-rrt < (PY>AT z0
S Ro-4< (R1¥> < (P> <O
Therf®,  (@)> < (P> =z ,;’7; |
Acordy o The defrnition of yncertain T -
AB = [C(B-<boy > = [<IBY
ap = [<B-<bry =[BT
Therefire, a@-ap = [<(BF>< (P> >/ =2
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(3) The Heisenberg Uncentainty Princeple can be generalized 2o
the »ﬁjl/ou)fng . [jC o ObSevvables oare COQ)\LLga;?Lé’S [/,”k@ the
coordinate omd womentn ave conjugates wWirh each pther) there
exists an exact [pwer bound for th product of Uneertainties
Ohich 7S %mp o N5

Fuvthey genera(«‘za#@ﬂ @/ﬂ uncermmv‘y Yelaton (s +thet
+wo axbm‘mrg pbseyvables //}\ and é have Such /:?m“u/aﬁbn‘,

AA-AB = = |< TABI>|

In D’H’l'@f l/\)OY‘dIS) "tl'le, MM mum bDbLY)O’ af _t}le PYDdUC—?‘ Df
f,lnCe\(‘fﬂfnﬁ&S IS determined by +the Comm utation Yelatton
between ‘t‘]/\e&e two ObgeYVa,lo/eg_ [7C )2 and é\ ave.

- . A A
(/ommwf‘?ﬂ) 1€, [A)Bj ::D) .t})e,) A/‘}'AB >0, 7/)/‘5

Yreans tj’\OC)' Tt is FDSQB@M /(3,\ and é\ Pnec?se%[
S\‘mulv‘me&us/%

oo A
But l]C [A,B ] 0, then ther is & minimum [omt on
the. acu,tmﬁq'{ O'f Sl\mwi’mneowsg Ae%armmfj ,é)\ and é\ )



Tay

gg 3.5 Ditac M@m%ﬁm and @é‘fﬁf%ﬁg‘@ﬁ*ﬁ&”ﬁ‘mz <

14 OM 'Pmb@b.‘my Amph‘h&de and “Inferﬁamnce Eypfed‘,
Let Y, > and |, > be two or«fhogma] Normalized States
KU Gy =0, <4l4,>=<bil.> =1,
For a given obsevvable /21\ ) 1}’ lun>} are complete orthonormal eigensiates
corresponding o the eigemvalues 4,) . 2 1ur>=dn U, <itm]udr>=cm.
¥ If the Sy{g\fem (S I the giate 1Y, > the Probab:“h‘-/g{ R () af ;ﬁwd\‘ng
Gn when A s measured on <the Sysham 'S @Nen by
Prlan) =) <un|y; >)2
¥ If he System Is in the State |, >, the Prvbabf/fg/ R(an) of
"F\\ncll‘ng On when /—\} 'S measired pp ~the QVQ]‘EYY) s 5’1\/6)0 b\/
e (an) = |<Un| Ya>)2
% Now consider @ normalized gtate |> which s a lmear Superposition
of W7and W7 WS =2, 14>+ A= |¢:>
| 5 [P+ 2= =1,
The Pmbab:/:\ 73/ Plan) » ;F ﬁnd*‘ng +he eigen value Qn when the
observable 4 s measwred on the Sy/sfem i the State [¥> s

o Plan) = | <un | > ~
Substrfutey 4> expression into Prany and fuy‘f/)e\” deﬂ‘{/vj "'t

Plan) = [ <ual W21* = | L <ttal &> + Az <llnl > |
= (A WD 4 A <Ual WD) (AT <Unf 4,5 + A2 <ol
= |2 ¥ 4 | Al <utnl o> |
F A AF <Ual > <tnfuaX + A2 <unl S <l >

= VA RP (@) + | Aof? Palln) +2Re (M5 <Uallli>< Un|ia>)
Thus, the s teym shows the jnferfecence effect b
Cinece P(Q'D, B @an) and P, (an) are ‘the P(aba,bf(fﬁ‘es) <UnlW>, <Unlth>
and <Lén[(f/z> ore celled the PYDbaAbf(ff% @mpf»\mdeg, The Fi’ﬂéifefew
effect is explained by the Superposition of the Probality amplifudes

Cn| > = Ay <Unlth> + A= Clnf 11>
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| 5. Representatfions
Above descriptions of QM concepts and principles fave peen using
the abstract Shate vectors and the abstract= |inear Operntorss jn
the abstact stoite space . Th@}/ are perfect for €Xpressing the
exact meaning @70 (RN Principle of superposition of States
Pr(ncfp\& 035 UHCererh'l“y/ Pﬂ*ncfple_ a]@ motion, and pnnciple
Df measurements ”waey alse Give cleax presentation D]D Some
devivations ke prejector operator mean Value, etc

Hoa)e\for ) .when 'f\acfng Pmoﬁﬁ?j }?rbb/emg’ We need to Project”
‘UIeSé abStaet VectorS and Ofemm +v & cencrete fe})resen'fahbn

n ovder to do Some pctualt Compm‘aﬁm. C/mcs,‘ng a. rersenfaT?bn
means Choo&‘ng an orthonorM basis , erthey discrete oy confraupu s

[n the Sfate Space, We then praject +the State yector and |near
Operater” pnto the  basis So that the state Vedor and [mear”
OP@,mW are mPTESen'!'@.d b}/ Numbeys or 'Punc*h‘vns m the ac’%j
{‘@Pr‘esév\hh‘on. The choice of a repreSentatin is, in ﬁ)eor\éz’
avbitmrgz, In practice, (t obwoug[qq depends on the particulayr
Pmblem be;‘na studied: M each case, One chooses the Ye‘w@;enfzzﬁm
which leads to the Sfmpiesf Calculetion.

Two mportant examples 0f yrepresen fatibns and obseyyables
avre tke Coordz‘m/'f“e, (Post%‘an) g "‘T’~>} /\aw[ MOI/Y\)QI’H‘ZLM{} ‘;3>}
fepresentations and obsertables (7 and P7). we wid wse
these W0 as examples. 4o shoo how to project” Sfate and)
Dpemfrar to @ @@sanmﬁan, how +o do actual Cal eulation ,

ond how to dmnge 7%0] leplesen tation 4o anpther
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() State vecter Versus Woe Hunetton in ,,g |75} and § {§>} P,
Recoull the pn‘na‘p!e QF Superpositieh 910 %’f?;c‘fes) for +the Com/PIa’f‘“e_
OY%O”DYMO g%aj‘eg g[?>} L) haue <?’/} i‘i"“> :—"—JC?W f;’?/)
Similarly, o prthonomal §|B>Y  we have < F1|F> =2 (P-F0.

%Aﬂ\f &TBTW\}/ state vector |2 GAn be exfandeol n terms DJC

gif}% 08 |YD>= fcc?’)}\?b&r*/ Ohere CLTD IS the

Fmbab{/;‘v'y mplﬁuo/e of ‘the Syﬁem be"“ﬁ " the State of }?/>/

ie. }cc'r‘;’olz ‘s -the Probabil1y @f’ Finde the Sysv‘ém at—positon

?/. As e/y(P[a\‘ned ew(‘{rer,
<'f’= ! y> __,fc(?/) <?) ?/>g’sﬁszCﬁ)duC?—?’)d%"-:CC?)

e eypression Sor CCY) [ e, Ced ],

e can WL CC?) = <1?, > = ([/C?")/
-ﬁmcﬁ‘on \n the flr>} Y?e/DYégeMa#bn.

Lohich is called the wave
¥ Simi lcw#) [ > can be W\j\edrup onto 7([ @5’>} )”@PYQSQm‘szbn :
Yy = J e TP =
Cc(FH)=<FIW= peP,

pohich 75 the wave functton N +he g;‘ﬁ%

% Wave fction (7 = < Fw> has -the followng meancy , [t
“the vababt[ﬁy Wlfﬁt&e o-F -gnd/j 73 P@Nﬁ‘de at Pog“hbn F
Ty other Worts, | | *=[<T] V>|% is the pobabilTy of the
P&vfﬁ‘(/le aPPeML/J at pesition Y. QFMt‘/arf%) W/é?)’zm)<ﬁ¢>{z
s the Pmb“b‘thw of Fndg the particle with Womentum B

"Thus, we Y\eread’ th

yepresen tation
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¥ Wave function @CW?P) s the pojection of the Siate Vector |W>
onto "‘t)ﬂe gl“?>} f‘epré‘Qen'mﬁ‘mq) ana/pgy o Q t)gc%w* r /De:‘n§
f,)m\)\@,o?“ed (11:170 CL(X,:I, 2>Ciorjma,’fc gfme: , \\\\
Y‘?:___x4;+y55"+g;< [«Z,J‘)E’amum‘f
| Vedtors along
O F?C%;qj, Q‘) X,y,‘i‘ 00488)

Anelogy W/> *-——-f (#ﬁ??) r>A3r
T [ ™)

% TIn 4 - dmengion case , ¥ —=X, So | = fwx)}'

The conjugate @jc (Y2, 12, LYl = { W‘((X)}  These are
the wave functongusdinin) #2, problem # 2.

¥ Mote |<TIUS] = <F] WY TV
| YD |® = P Y.

x In priaciple, different represen fatlons gre eguivalent’,  since
they Tepresent the same Sfale Vector W2 and game epexaier .

X
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(2) Operatol in §17>} and [1P>7 representntions .
Tn 5)’,y~>} &F;’éﬁ@n’m’hﬁn -th& cooviinate f’ and momentum P Opetutors

]7x "‘"ma P “"%"""”rﬁgy Vsex;;;—wﬁ%wgo%
/ .

i

In §!F’>} representation r and p operntors are

3 ~/-\—'> —

P = B, P —=F
T T T - S T v
X =gy ¥ —ihg, BW=%op te4op %,

Becowse (7 and (ﬂp )y ore the Fourler tranSom of epch

Oﬂna\ﬁ, e have "75” ,,-,'5;7 m% “f)} YéPfésenfu/‘hm’l While

"Af;’ '—nTWVF YRIRY, ye presentation,

A"} { |?’>37 is the MDSf common and 1Jidel y used representafitn glso

Called +he Schr&'dmger' Rep%env‘aﬁ‘on/ on Which Schrbcbﬂ?er‘

Aeveloped the Schriklger eguation, let us wWrite down
A few pther” OFemw‘vTS N the f | “r">3 re)pyesen/nﬁbn_

(D Kinetic enevgy OFemJ‘vY“ the classizal kinelic €NeXgy is

G iven b\/ Ee = E To %W-hze it to derve /13
Opemw YEP!Me 5 with its cmreglaon;% eperzior P
.,_Ef — 232 92 o ___._,_lvz

""’2

B Hamittonian Ofemfvf‘Hcf) the ctagsm& H="L5 +v
Then maM, fw=E>4p M V=V then V =Y

—”Tt
Snce T n §IF>} HH’)*- Em (§x>+ggz+ §21>+V r)
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Angul@r’ eomentumn opemj‘af’: the clagsical angulax momentum
s "fﬂ Y X ? . where 7 is position vector, 7 s momentun Vecer.
(ZOY*I‘QSFOWU ig 0@%;5; L
;=1 xP =i TxV.
Angu[af/\momenwvx oPem,W com ponents are
by ==+ (Y S5 - 25 = |17 (sing=y + (o6 CEPEp)

=)
N . I -
jy_ ’»‘—'—-’F(z}% wX;;g) :;ﬁ(—m¢%+m&mﬁo%>
- - [oa o .
Lz :”’K[X"aj“"éYD*:-——Jfé‘-;—@» 3

The \ast e%m[x‘fg 'S in gP)\eﬂ‘caﬁ c cordinales.
NLSa AR 0 = axdan (/ X*HY? /2)/ ?:arcmnCYéY) A

@ The square of angulay momentur
A
2 AN 2 /\Z
= z,{z *(—ﬁy -+ 22
g2 [ 2 . 0-S_ 2
=~ h"[3he 26 (00355 + 5o 99’2]-

{

2
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(3) Mean Values in the {17 >} and $1F>) representativns.
Tp the obstact Sw‘*ﬁjl space, o We pmvecl above, the mean value
of an observable A in the state |4y of & syster (s given by

7 = <Ay = <¥lAI>

5= <ULAIY
= <Y (f)?><?ld3r)%/¥\!w>

= (preulT> <TIAIE

Recall <Y T>=UT)., )
N e N o

£ A is & finction of T 1€ A =ACT,

then Shice |77> 1S @1 eisenstate of 7, itis also an elgensafe

A . A =
off AT, 1€ AP TS =AY >
Thus, <F]AIU> =< Y| Ac‘?’) (> = AT T Wy =ADWE
oA = [ W?mc?‘fwcﬁ )
E_ﬁ‘f_"‘ﬁflﬁ'-? 1, Hw #2, Roblon #F 0 (D case , X° TS o fuchion
/> 6 \2 A A N
(X) . vy X[x>::.>(|x>/ ‘\‘le-%>: X IX>

A
of X, i.e., V2 =
<= ¥
oo XE = [dx g X* reo
FLTH"QWQ.} shce X7 s Just o ;Db&f/wm‘a/ teom of X, it can
C’,Xcldange OY.C{@Y“ L.)H‘ll} (é*cx> oY (ﬂékﬁ)/ Jo

> =[x || dxy.
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A
for the momenturm operwtor B mmiﬁ? in § | r>} representa’ion
Ohich s Vo7 a S\MP’@ Funcﬁzorw of Y, but invelyes denvativec,

Fw<?> 2 F o
= (Y| /fr><r:d3r)( ) >
mfyr<¢1r>(-cﬁ)<f 13
|+ can be proven that <) P> = V<PlY>=V ¢
L P = fdar—%(r)(wcﬁv)(éc?’)
£ an oPemeY‘ is & function of B P ey, B g(P)
dhen BIT> = B(-HD) P>
N B =[dr r PETOB-cH B e ™)
Exanple, Tn Hw #2, Prter T, 4D 5 ”* =-hax,
oo (f, R = (i RS = —hE 2hRA R

C (PR = [de oo[-H S 2itRSr 4 BT ¢00

2

A)o‘f'e Stnce :%—(—1/ —%%— are devivatives, not a PO()/”‘JW(J 012)(,
they caudeT switch omey with oo or Yoo ]

,2}5 (/(X) -4 —A X2 +(,‘;>D>g/ﬁ" ¢ x)_Ae“aKzA eﬂCPaK/f'f/
Y@u cannot™ Cancel oul” the ;mag,‘nm%{ port BEFORE *z‘alég Jenvaﬁ\/%.,
( OF course, after fakg Aeyvatives, you only have ¥ pdfnomr‘aﬂ reimg left,
+hen YOM can Swith these X fexme  with C//%\OC) or Z/Cx) ard Cance,ﬂ
&ut e—xo?px/ﬁ part )

I you follow This proceduce , Problem #2 (&) chowld Yesch

0. CoYrect QnsSwey AF = F/%: ‘
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The some stafe and same eperwer can alse be projected to defferedt
Vepregentativns, €3, § P> presentation ; and t%;gy are eguivaledt’
The mementum fFemi'Or‘ “945’ ,,.: ';5% in “the § [$>} repreSenmﬁW/
X P=d P = ZY[FIW¥>
= CY|([#r1B><F)F 142
= [Pr <UF><PIFI>

= [#p <U|P> F<FI¥
T ditigush <FIU> frm <747, we wite <F1¥>=CP,
o P = joP‘P- ctep P (P
A 5
Similax | (f B =BCPF> , then
B = [P P B P
_{::@flg} Tn HW #2, Problem #7F (2>, C§) Is the fowrier
A s N
prangform of Yo, ot = B, (Fe-R) = (Be-F)
A > : 5 5 L,
o (BIRY =[dBCiRo(R-RyCB) =TH[L
1 gies e Stme Yeswlt 45 ?Y\Ob!&m H2>(W). This jndicates
that the gs??} eprasertadion TS e%w‘valew“f €0 the § \ ?’>}‘
LIt the Same skt (> and some operator }’)\) you
il get the same Yesults (~the ‘k“&of'mﬁm\——sguwrg ' ~the.
%l*?ﬁ and §1?>} reprsentatins, T, othey Words, the
resut ts Di"[‘/ Cﬁepend on -the State vector Hﬂ> avd  ~the

A
Dservable operaror A - bl independent of repsentationg
B\d’ chessTy oﬁiﬁe@/ﬁ' YQFYQSM\OV\S Mmedkes the calenlation easier Orcom[;l,‘a,jgd
Just Like P DVQW has wore Sm‘\gkt@md Calew] ation ju g,‘,—.’?g%{ /



(4) Ergenvolue Eguation in {|7>) representation.
Tn the abstact State SFM@ , N eisenvalye %ﬂt&ﬁ‘@” (s
A
Alb> =a ¥>
Wheve f — phservable operder, ||>— State vecter,
/- cOmF/ex constant™ [/ real pumber™ Yéa/ffgi)
T+ can be Proven that In -the é'[""y%}} representation
the eigen Ve lwe e/;vtwﬁ??ﬂ loe comes

A =0 é//ér’)
Where & is the (epretentation of A opemior dn 3 [T2>%

- gigen eier
Q/CY‘?) colled %m finetion, 15 the meecﬁbn fo M
|y on the §1?>} representfation. ‘

Exom !ﬁ_ ymto| VD V=00 A P@rﬁ\de moues WA Q potentiad well
T T between X =0 ol ¥ =a . The normalized
=X

) T / Wove function s given by
4D ) | nfinite H'}}\ Pofen'ha Welf . ,
( l/,,()():: ?f /'792;5’”/”7;X)( pex<Q

DTy to deviVe the mean of O . elsewhere
the ‘P(Mf'h‘cle's momentum and K petiz @ne/r‘@y

® Vextfy Whethey +hic wave funcﬁ‘an (S an e:;en—ﬁncfrbn of
MOMenhcm] whether an  eigen wcweﬁmaﬁbn 6 f kinetic energy

Solutlen . Ty Slx>} re presentation 7; — _ﬂd’— ‘['\"E ZM «;)-2 o

X, 2m T T Zm oxe .

fo!y Yoo (- TS Uat) -~2ﬁff dx Sin (2% (52 sin( 2TX
-wmg-.»-i»f sin( 120 eq (1) dy

= -, 2 S
'Lt\_a = 2/)7/()({ = 0-0 =0




Ts8
Kenelte enexgy mesn.. ’
> (00 ¥ %"z. D%
R "“:Lo B0 (- 5 5) b0 o
A > ., NTX
o [ (2R F s M) A

— R- /0T ‘fa 27T K
S (2D, S (LZE)Ax

— ,.F]z ﬂ»zn'z..
e s = A=cae
Vertfyig evgen waie function -

“APP\‘/ the operator -fo the wave function fo See WOhether™
yOM con 0}3@7\ a 'nu-W\b@YA 't‘l\mes -tl/‘e_ Same wa/\]e 'ﬂ(’!(;’"\@"’\ (‘/

N ~ 3 _ o4 - a N N ey . mr
(H P(An (X) :~1ﬁ'§.'>'<“(xpn6¥) »—i-ﬁ,/%:gy&n »—é—-—),_..tg%%/ﬁ:%{)
— o0 I NeT s eigen functeon .

AP 2 A2 > 3
z 'ﬁ o — 2 o NrX
C)""";m' (PnCX) = Tom '5523%0() =T om iy x 2% Sn(—x

B (2 AT, nTXN = "
= [2 (M) sin( P29y =D ¢ O

N (ﬁ,, (xy 1S the elgen ]Qunch‘on Q-F kinetic enevgy.

2 2.
'Tke e/‘;en Value (s m -tAe game af "L'llQ

2ma?
woan e devived above —— Bf course, -the mean of the

K:‘neh‘c energy 'n s oW e!}en chate |3 @im/ “+o He e,é:enVa/ug,
hus | we Solved ~the HW#3, Problen #3 You may prachice rft

yOLU(‘SQle. “Then aupply similay technigue to HW#3, Problem#2,



-
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(5) Schf‘é?‘d"“gef Egua“ﬁb“ i {/ ?>} and 7( ?}} mP@gen“fﬁ‘h‘angu
Ty the obstract S‘i"m’f"ﬁ? Space, t)qe Schriddmger eguetton is

Loy = few [y
FO\{‘ &(st ess) Pawhcle, moQ Scam’* )om‘m»fm,ﬂ (/(?’) the

operter [ = £ 4 VP,

Tt can be be\fe)’\ +thal in the ; r >_2( f‘epn?Sen'(’aﬁ\@"?, +he
Schrddinger egwﬁ‘&” be omes.
2 -~
e P = [-Ae 7y VDT #TD.

Tn fl"e /f {'ﬁ’>} Y‘ePTES’en—{aﬁ\on) 't}/\e Schrv"tif‘r}?e. ~ elétm,ﬁon s
>y } B
P FED= o ¥ )+ by (BPO

Hete, ()¢t =<7 )4>
§(Pe) =<F I
VP> =i [ 67Ty,



Tého
$2.6 Solutins to Eisenvalue E?MM‘W dnel  Schrodeger %@ig{wfﬁﬁﬂ

16 . Solution to Egenvalue Egmhbn and &Aré'a//@er Eguation
&hmdm&er ejuaﬁ‘ﬁn ; ’ﬁ% ¢CPJf>:[“%;VZ+VC?)JW[Ef)‘
1§ V(7 s not explicitly dependent ontipe £ thene fave

(pc?’ﬂc) = Y7y T(®
Substitut this jnte the Schidinger eguafion .

~ 1 =, S
4‘%}“’:%[“%\7 +V57)J‘”"’")"“‘,/\E
\ N ~¢ EL total ene
s AT g s 7o S S { energy

—
§[- Loy veD] Y= E ¢
- _~<Et/
o Yerw =Yee "
Prokakilh) densit] = |UFD|" = [P is independent of ¢.
i.e. ~the Imababfls‘%e{ olﬁ +he Pwrh‘de OLPPQDW% at Pas:‘hbn r
does not change LWith Hime |
2
Eguation 1oyt 202 1y =
S colled the tetionan) stalle Cehrssdwmger eguation, Fssentially
it Ts the enmevgy eigenvalue eguation.
Heve , we Show o ]Quu) examples of how to Solve Hhe
S'f'a‘h‘o%f;/ Stele Schrddinger epuatlon, e, the energy eien~
Value eguation +o derive the Sstem States andl eigenvalues.
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) {wa\meﬂ‘é’.»‘DY\ [ﬂ‘f}’?l"h’— POT&@VIM W@//
VMO]\V”D /}\ V=00

The gh»f(onm;{ -state Seh rc‘?‘d/‘ﬂ;er 6gm7‘?‘0n T T 0
s, . T35 ~ ) 0 > X
[ e v Y =E¢0, a
Lo - m/ X(D
Smee @ Fow‘ﬂ‘ofe Connot™ be n an Jy‘nﬁ“m?f;’e; V( X) = [ 0, pex<o
@, X>a

PO*E‘:_'\HCL,O) S @—’:0 ' reoa*lbf\.gﬂ:‘ and ZZ (P}?YS:‘QSD

Tn feg;l‘on T, V=0, the egua‘h‘ov\ IS Se\mpla‘—ﬁ\ed_ +o
D >
-2 2o = E ¥

L em
LQ/T K= \(,_%m-——c: 2

o, et _»--—-if + K*¢ =0
@ene{v@ Solutton to —thes @/%W‘On s

\#:‘- A sin (kX +3) ,
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