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Introduction

 Lidar equation is the fundamental equation in laser
remote sensing field to relate the received photon
counts (or light power) with the transmitted laser
photon numbers (or laser power), the light transmission
in atmosphere or medium, the physical interaction
between light and objects, the photon receiving
probability, and the lidar system efficiency and
geometry, efc.

J The lidar equation is based on the physical picture
of lidar remote sensing, and derived under two
assumptions: independent and single scattering.

 Different lidars may use different forms of the lidar
equation, but all come from the same picture.
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Physical Picture in Lidar Equation
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Factors in Lidar Equation

The received photon counts N¢ are related to the factors
NS(%WR) X
Transmitted laser photon number
Np(hp) i

Laser photon transmission
T()\.L,R) through medium

Probability of a transmitted
ﬁ(k’}“L’e’R) AR photon to be scattered

T(}\,R) Signal photon transmission
through medium

A Probability of a scattered

Rz photon to be collected
Lidar system efficiency and

n(}\"}‘L)G(R) geometry factor



Considerations for Lidar Equation

J In general, the interaction between the light
photons and the particles is a scattering process.

J The expected photon counts are proportional to the
product of the

(1) transmitted laser photon number,

(2) probability that a transmitted photon is scattered,
(3) probability that a scattered photon is collected,
(4) light transmission through medium, and

(5) overall system efficiency.

J Background photon counts and detector noise also
contribute to the expected photon counts.



Fundamental Lidar Equation

A

Ng(A.R) =Ny (A1) [ B(A.AL.0,R)AR] ?-[TML,R)T(A,R)] [M(AADG(R) |+ Ny

J N -- expected photon counts detected at A and R
] 1st term -- the transmitted laser photon number;

] 2nd term -- the probability of a transmitted photon to
be scattered by the objects into a unit solid angle;

J 3rd term -- the probability of a scatter photon to be
collected by the receiving telescope;

] 4th term -- the light transmission through medium for
the transmitted laser and return signal photons;

] 5th term -- the overall system efficiency;
J 6th term N;, -- background and detector noise counts.




Basic Assumptions in Lidar Equation

J The lidar equation is developed under two
assumptions: the scattering processes are independent,
and only single scattering occurs.

J Independent scattering means that particles are
separated adequately and undergo random motion so
that the contribution to the total scattered energy by
many particles have no phase relation. Thus, the total
intensity is simply a sum of the intensity scattered
from each particle.

J Single scattering implies that a photon is scattered
only once. Multiple scatter is excluded in our
consideration.



1st Term: Transmitted Photon Number

Ng(A.R) =[N (Ap){[ B(A.AL.0.R)AR] -—1‘:2 [T(AL . BT(AR)][n(A.A)G(R) |+ Ny
Pr (A7) At
Np(Ap)=|-L—=L
L( L) hC/)\.L )

Laser Power x time bin length

Planck constant x Laser frequency

Transmitted laser energy within time bin

Single laser photon energy

Transmitted laser photon number
within time bin length



2nd Term: Probability to be Scattered

Ng(A.R) = N (A) {[ B(A.AL.0,R)AR] -%-[T(AL,M(A,R)] [M(AADG(R) |+ Ny

Angular scattering probability - the probability
that a transmitted photon is scattered by

scatters info a unit solid angle.

Angular scattering probability =
volume scatter coefficient 3
X scattering layer thickness AR




Volume Scatter Coefficient f

Volume scatter coefficient f is equal to

do;(A; .,0)
dQ

B(AAL,R) = E n(RpiM) | (mlsrt)

do;(A;) is the differential scatter cross-section of single
4O  particle in species i at scattering angle 6 (mésr-)

n;(R) is the number density of scatter species i (m-3)

is the probability of the scattered photons

pi(H) falling into the wavelength A.

Volume scatter coefficient 3 is the probability per unit
distance travel that a photon is scattered into
wavelength A in unit solid angle at angle 0



3rd Term: Probability to be Collected

Ng(3.R) =Ny (A) [ B(A A 0.R)AR]F >

R2

_J Az
The probability that a scatter E L%

photon is collected by the
receiving telescope,

i.e., the solid angle subtended
by the receiver aperture

to the scatterer.

(TALRTAR | [n(A,A)G(R) |+ Ny




4th Term: Light Transmission

Ng(A,R) =Ny (Ap):[B(A.AL.0,R)AR] -%-[T(AL,M(A,R)] [n(A.A)G(R)|+ Ny

The atmospheric transmission of laser light at outgoing
wavelength A, and return signal at wavelength A

Transmission _ (R
for laser light > (T(AL.R) = exp[ fo (AL ,r)dr]

Transmission R
— |T(A.R) = exp| -
for return signal (4.8 expl fo (x()»,r)dr]

Where a(A, R) and a(A, R) are
extinction coefficients (m)



Extinction Coefficient o

a(A,R) = ¥ [0 0 (M) (R)]

O; oxt(A) is the extinction cross-section of species i

n;(R) is the number density of species i

Extinction = Absorption + Scattering (Integrated)

Gi,ext()\“) = Oii,azbs()") T O'i,sca()h)

Total Extinction = Aerosol Extinction + Molecule Extinction

a(A,R) = aaer,abs()\"R) + aaer,sca()”’R) + amol,abs()"’R) + amol,sca()"’R)




5th Term: Overall Efficiency

Ng(A.R) =Ny (A1) [ B(A.AL.0,R)AR] -%-[T(AL,M(A,R)] [1(A.2)G(R) |+ N

[n(A,AL) =n7(A,) ng(2)| is the lidar hardware optical efficiency

e.g., mirrors, lens, filters, detectors, etc

is the geometrical form factor, mainly concerning the
overlap of the area of laser irradiation with the field
of view of the receiver optics



6th Term: Background Noise

Ng(A.R) =Ny (A1) [ B(A.AL.0,R)AR] %-[T(AL,M(A,R)] [M(AADGR) |4 Ny

is the expected photon counts due to background noise,
detector and circuit shot noise, etc.

Up-looking lidar: main background noise comes from solar
scattering, solar straight radiation, star/city light.

Down-looking lidar: besides above noise, it could have three
extra backgrounds: (1) Specular reflection from water/ice
surface; (2) Laser reflectance from ground; (3) Solar
reflectance from ground.



Different Forms of Lidar Equation

J The main difference between upper and lower
atmosphere lidars lies in the treatment of backscatter
coefficient and atmosphere transmission (extinction).

J Upper atmosphere lidar cares about the backscatter
coefficient more than anything else, because (1) the
lower atmosphere transmission is cancelled out during
Rayleigh normalization, and (2) the extinction caused by
atomic absorption can be precisely calculated, thus,
extinction is not an issue to upper atmosphere lidar.

J Lower atmosphere lidar relies on both backscatter
coefficient and atmospheric extinction, as these are
what they care about or something that cannot be
cancelled out.



General Form of Lidar Equation

A

Ns(AR) =Ny (Ap) [ B(A.AL.0,RAR]— [ T(AL,RT (AR | [n(A.A)G(R)|+Np

R2

— Lidar Equation in Photon Count and ((6)

A

Py(A.R) = PL(AL) [ B(AAL 0. AR —-[T(AL AT (AR)|-[n(A,A)G(R) |+ P

R2

— Lidar Equation in Light Power and § (6)

Ng(A,R) =Ny (Ap):[Br(A.AL.R)AR]-

A
4.7'l,’R2

[T(AL.RBT(A.R)][n(A.AL)G(R) |+ Np

— Lidar Equation in Photon Count and f3;




General Form of LIDAR Equation

dOi ()\‘L)
dq2

Angular p(A.AL.O.R) = E!

n;(R) -(7»)]
scattering coefficient A

Br(AAp R = [ B(h.Ay 0.R)dQ

Total =f§ﬂ2[dai()"L) nl-(R)p,-()L)}JQ

scattering coefficient dQ

=Y [o;(A)n;(R) pi(A) ]




Fluorescence Form of Lidar Equation

A

PL(MN)(Geﬁm,R)nc(z)RB(MAR)( z)(Tazm’R)TCZM’R))(”WG(R))*NB

he/ A

Ns(A-R) =( 4 R

[ Here, T.(R) is the transmission resulted from the constituent extinction

TC(R) B eXp(_fgbottom Oeﬁ (}\,r’)nc(r')dr') B eXp(_fgbottom 0{,6(7\,7‘,)(11",)

O Here, a(A,R) is the extinction coefficient caused by the constituent
absorption.

a.(A,R) =0, (A,R)n.(R)

(d Resonance fluorescence and laser-induced-fluorescence are NOT
instantaneous processes, but have delays due to the radiative lifetime
of the excited states.




General Lidar Equation in § and

Pp(Ap)Ar
hC/)LL

-exp[—f§ a(Ap ,r’)dr’]exp[—féaa(A,r’)dr’][n()L,)\.L)G(R)] +Np

NS()\‘vR) =

}[/B(A,AL ,H,R)AR](%)

B is the volume scatter coefficient
a is the extinction coefficient

Volume scatter coefficient |B(A.AL,R) = E[dg i(Ap)

n; (R)Pi()b)]

R R ]
Transmission T(AL,RT(A,R) =eXpr0 a()"LJ)dr'l'fO a()»,r)dr)




Illustration of LIDAR Equation
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Summary

J Lidar equation is the fundamental equation governing the
lidar remote sensing field.

J Lidar equation relates the received photon counts to the
transmitted laser photon numbers, light transmission
through medium, probability of a tfransmitted photon to be
scattered, properties of scatters, probability of a
scattered photon to be collected, and lidar system
efficiency and geometry factors.

] Different lidars may use different forms of the lidar
equation, depending on the needs and emphasis.

Chapter 1 of "Laser Remote Sensing” textbook
IntroLidar.pdf
Chapter 5. Sections 5.1 and 5.2.1 textbook




